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LUNA’S FUNDAMENTAL LEMMA FOR DIAGONALIZABLE 

GROUPS 

DAN ABRAMOVICH AND MICHAEL TEMKIN 


Abstract. We study relatively affine actions of a diagonalizable group G on 
locally noetherian schemes. In particular, we generalize Luna’s fundamental 
lemma when applied to a diagonalizable group: we obtain criteria for a G- 
equivariant morphism / : X' —>■ X to be strongly equivariant, namely the 
base change of the morphism f // G oi quotient schemes, and establish descent 
criteria for / / G to be an open embedding, etale, smooth, regular, syntomic, 
or lei. 
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1. Introduction 

1.1. Luna’s Fundamental Lemma. In its original formulation, Luna’s Funda¬ 
mental Lemma [Lun73, Lemme fondamental] addresses the following classical ques¬ 
tion: we are given an etale equivariant morphism / : X' —>■ X between two normal 
complex varieties with the action of a reductive algebraic group G. We assume there 
are quotients Y = X jj G and Y' = X' jj G with a resulting quotient morphism 
f H G :Y' ^Y. Under what conditions is / strongly etale, namely X' = Y' Xy X 
and f fj G is etale? In other words, when is the following diagram cartesian and 
the bottom row etale as well? 


A' —^ A 
q' q 


Y' 


sue 


^Y 
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1.2. Generalized context. In this paper we restrict attention to diagonalizable 
groups, relax all the other conditions, and deduce further properties of the quotient: 

(1) Our schemes are only required to be locally noetherian, with no assumption 
on being normal or even reduced. 

(2) The action of G on X and X' is assumed to be relatively affine in the sense 
of Section 5.1. 

(3) We provide necessary and sufficient conditions for an arbitrary equivariant 
morphism / to be strongly equivariant in the sense that / is the base change 

of / // G. 

(4) We establish descent of various properties of /, ensuring that f // G is 
regular, smooth, etale, or syntomic (without any finite type assumption), 
when / has the corresponding property. 

Condition (2) guarantees the existence of good quotients Y and Y' , see Section 5.1. 
It also guarantees that over any point y £Y the fiber Xy contains a unique closed 
orbit - called here a special orbit (Definition 5.1.8). 

Already in the complex case, most equivariant morphisms are not strongly equi¬ 
variant: one must require something about how / treats stabilizers and special 
orbits. Accordingly, we say that f : X' ^ X is fiberwise inert (5.5.3) if it sends 
special orbits to special orbits, and if for each point x G X the stabilizer Gx acts 
trivially on the fiber X' Xx x. 

1.3. The main result. The main result of this article is the following variant of 
Luna’s Fundamental Lemma 

Theorem 1.3.1 (See Theorem 5.6.4). Let X and X' be locally noetherian schemes 
provided with relatively affine actions of a diagonalizable group G, and let f: X' —> 
X be a G-equivariant morphism. Then, 

(i) f is strongly equivariant if and only if f is fiberwise inert and any special 
orbit in X' contains a point x' such that the action of Gx' on HilLix'/x k{x')) 
is trivial. 

(ii) Let P be one of the following properties: (a) regular, (b) smooth, (c) etale, 
(d) an open embedding. Then the following conditions are equivalent: (1) f is inert 
and satisfies P, (2) f is strongly equivariant and satisfies P, (3) f strongly satisfies 
P. 

(Hi) f is strongly syntomic if and only if it is syntomic and strongly equivariant. 
Moreover, if f is strongly equivariant then the following claims hold: (a) if f is 
lei then f jj G is lei, (b) if f // G is lei and Yor-independent with the morphism 
X ^ X If G then f is lei. 

Part (hi) refers to Avramov’s definition of lei morphisms and the resulting notion 
of syntomic morphisms described in Section 4.7.9. 

Theorem 1.3.1 is the first ingredient in our forthcoming work [AT15a] on weak 
factorization of birational maps, generalizing the main theorems of [AK]\IW02] and 
[Wlo03] to the appropriate generality of qe schemes, and further proving factoriza¬ 
tion results in other geometric categories of interest. While [AT15a] only requires 
actions of Gm, we find it both convenient and fruitful to work with an arbitrary 
diagonalizable group. A second ingredient for [AT15a] - called torification - is de¬ 
veloped in the appropriate generality in [AT15b], which builds on this paper. 
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1.4. Comparison with the literature. Luna’s original work applied to normal 
complex varieties with reductive group actions, and it was extended to algebraically 
closed field of arbitrary characteristics by Bardsley and Richardson, see [BR85] . In 
both works, the only condition one has to impose on an etale equivariant morphism 
/ is pointwise inertia preservation. 

Recently Alper generalized Luna’s Fundamental Lemma to a much more general 
context of good moduli spaces of Artin stacks, see [AlplO, Theorem 6.10]. In this 
situation, the morphism from a stack to its moduli space is an analogue of the 
morphism X X jj G, and Alper studied the classical question of describing 
strongly eale morphisms. In this generality, an additional condition has to be 
imposed on /, and the weak saturation condition introduced in [AlplO, Section 2.2]) 
is analogous to our condition on special orbits. 

1.5. Further directions. It would be interesting, perhaps in future work, to fur¬ 
ther extend Luna’s Fundamental Lemma to other tame actions, i.e. actions having 
linearly reductive (or even reductive) stabilizers and affine orbits. Moreover, one 
may hope to extend this to tame groupoids and their quotients, that one may call 
tame stacks (if the stabilizers are of dimension zero then those are the tame stacks 
of [AOV08]). We note, however, that a simple descent argument shows that all 
results of this paper hold for groups of multiplicative type, see Section 5.7. 

1.6. Auxiliary results. On the way to proving Theorem 1.3.1 we study related 
notions of regularity, formal smoothness, and group actions. Some results which 
may be of independent interest and will be used in [AT15b] are recorded here. The 
reader interested only in Theorem 1.3.1 may wish to skip directly to Section 2. 

1.6.1. Splitting of formally smooth morphisms. We review in Section 2 the notions 
of regularity and formal smoothness. In particular. Section 2.2.10 introduces the 
notion of a Cohen ring C{k) k oi a field fc; further, by [Sta, tag/032A] any for¬ 
mally smooth g ■. k ^ D with D a complete noetherian fc-algebra lifts to a formally 
smooth morphism we denote by C{g) : C{k) — C{D), where C{D) is a complete 
noetherian local ring so that D = C{D) <^c{k) k. This applies in characteristic 0 
by taking C(fc) = k and C{D) = D. The following result describes an arbitrary 
formally smooth homomorphism in terms of such C{g). 

Theorem 1.6.2 (See Theorem 2.2.11). Let f: A ^ B be a local homomorphism 
of complete noetherian local rings with closed fiber f: k = AjmA B = B/nriAB. 

(i) Assume f is formally smooth. Then there exist homomorphisms i: C(k) —>■ A 
and j: C{B) —>■ B making the following diagram commutative. 


-^B 


C{k) 


CU) 


3 ■••• 


-aC(R) 


/ 
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(ii) Assume f is formally smooth. Then for any choice of i and j the homomor¬ 
phism B is an isomorphism. In particular, f is (non-canonically) 

isomorphic to the formal base change of a Cohen lift C{f) of its closed fiber f. 

1.6.3. L-local rings. After reviewing groups, actions and diagonalizable groups in 
Section 3 we study diagonalizable group actions on affine schemes in Section 4. 
Consider a finitely generated abelian group L and its Cartier dual G = T>l. An 
action of G on an affine scheme X = Spec A is an L-grading on A. An important 
class of L-graded rings that we study is the class of L-local rings, namely rings 
A possessing a single maximal L-homogeneous ideal mA, see Section 4.4. The 
residue ring AjmA has no nontrivial homogeneous ideals, making it a “graded 
field”. Several standard results on local rings generalize to this setting, including 
the following: 

Proposition 1.6.4 (Graded Nakayama’s Lemma, see Proposition 4.4.10 and Corol¬ 
lary 4.4.11). Let {A,m) be an L-local ring with residue graded field A/tua and let 
M be a finitely generated L-graded A-module. Then 

(i) mM = M if and only if M = 0. 

(ii) A homogeneous homomorphism of L-graded A-modules (f: N ^ M is sur¬ 
jective if and only if (j® a surjective. 

(Hi) Homogeneous elements mi,... ,mi generate M if and only if their images 
generate M/mM. 

(iv) The minimal cardinality of a set of homogeneous generators of M equals to 
the rank of the free {A/m a) -module M/mM. 

Proposition 1.6.5 (Characterization of equivariant Cartier divisors, see Proposi¬ 
tion 4.4.13). Assume that (A,m) is an L-local integral domain and D C Spec(A) 
is an equivariant finitely presented closed subscheme. Let x be an arbitrary point 
of V{m) and let = Spec(Ojf,x) be the localization at x. Then the following 
conditions are equivalent: 

(i) D = V{f) for a homogeneous element f € A, 

(ii) D is a Cartier divisor in X, 

(Hi) Dx = D Xx Xx is a Cartier divisor in Xx. 

To characterize the situation discussed above, we say that a relatively affine 
action of G on a scheme X is local if X is quasi-compact and contains a single 
closed orbit, see Section 5.1.9. 

Proposition 1.6.6 (Characterization of local actions, see Lemma 5.1.10). Assume 
we have a relatively affine action of G = on a scheme X. Then the following 
conditions are equivalent: 

(i) The action is local. 

(ii) X is affne, say X = Spec(A), and the L-graded ring A is L-local. 

(Hi) The quotient Y = X // G is local. 

1.6.7. Completions. By an L-complete local ring we mean a complete local ring 
{A, m) provided with a formal L-grading A — JlneL such that An C m for each 
n f Q. Here is a key result about completions which is used in the paper to prove 
the formal version of Luna’s Fundamental Lemma, see Theorem 4.7.8. 
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Proposition 1.6.8 (Completions of L-local rings, see Proposition 4.5.6). Assume 
that L is a finitely generated abelian group and (A, m) is a noetherian strictly L-local 
ring. Set mo = mC\Ao and for each n ^ L let An denote the mo-adic completion of 
the Ao-module An- Then, the m-adic completion of A is isomorphic to 
in particular, it is an L-complete local ring. 

1.6.9. Quotients and strong equivariance. Using the afRne theory as a starting 
point, a global theory of relatively affine actions is developed in Section 5, leading 
to the main theorem. We highlight here the following basic results. 

Theorem 1.6.10 (Properties preserved by quotients, see Theorem 5.2.2). Assume 
that a diagonalizable group G = acts trivially on a scheme S and an S-scheme 
X is provided with a relatively affine action of G, then: 

(i) Assume that X satisfies one of the following properties: (a) reduced, (b) inte¬ 
gral, (c) normal with finitely many connected components, (d) locally of finite type 
over S, (e) of finite type over S, (f) quasi-compact over S, (g) locally noetherian, 
(h) noetherian. Then X jj G satisfies the same property. 

(ii) If X is locally noetherian then the quotient morphism X ^ X jj G is of finite 
type. 

Proposition 1.6.11 (Preservation of strong equivariance, see Lemma 5.3.2). Let 
G = T>l be a diagonalizable group. 

(i) The composition of strongly G-equivariant morphisms is strongly G-equivariant. 

(ii) If Y X is a strongly G-equivariant morphism and g: Z ^ Y is a G- 
equivariant morphism such that the composition is strongly G-equivariant, then g 
is strongly G-equivariant. 

(Hi) If Y X is strongly G-equivariant and Z ^ X is G-equivariant then the 
base change Y y.x Z ^ Z is strongly G-equivariant. 

(iv) If f: Y X is strongly equivariant then the diagonal Af.Y Y XxY is 
strongly equivariant and Af // G is the diagonal of f jj G. 


2. Regularity and formal smoothness 

We recall in this section basic facts about formal smoothness in the local case, 
which is the only case we will use later. The cited results are due to Grothendieck, 
but we will cite [Sta] in addition to [Gro67]. In addition, we will prove in Theo¬ 
rems 2.2.9 and 2.2.11 a splitting result for local formally smooth homomorphisms, 
which seems to be new, although it is close in spirit to what was known. 

2.1. Definitions. 


2.1.1. Regular morphisms. Regular morphisms are a generalization of smooth mor¬ 
phisms in situations of morphisms which are not necessarily of finite type. Following 
[Gro67, IV 2 , 6.8.1] a morphism of schemes f: Y X is said to be regular if 

• the morphism / is flat and 

• all geometric fibers oi f: X ^Y are regular. 
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2.1.2. Formal smoothness of local homomorphisms. Let /: {A,mA) be 

a local homomorphism of local rings. By saying that / is formally smooth we mean 
that it is formally smooth with respect to the mA-adic and ws-adic topologies. 
This means that for any ring C with a square zero ideal / and compatible homo¬ 
morphisms A ^ C and B ^ C/I that vanish on large powers of mA and ms, 
respectively, 

A - >C 

A 

f 

B ^ C/I 

there exists a lifting B ^ C making the diagram commutative. Using a slightly non¬ 
standard terminology, we say that a morphism of schemes f ■ Y -A X is formally 
smooth at y G Y ii the local homomorphism Oxj(y) —> Ov.y is formally smooth. 

Remark 2.1.3. Unlike regularity, formal smoothness is not a local property. Con¬ 
sider an example of a DVR which is not excellent in characteristic p: a DVR R 
such that K = Frac(i?) is not separable over K = Frac(i?). For example, set 
R = take an element y G k^x]] which is transcendental over k{x), and set 

R = Rr\ k{x,yP). Then R is, indeed, the completion of R, and the homomorphism 
i? —?> 1 ? is formally smooth but its generic fiber K ^ K is not. 

2.1.4. Formally factorizable homomorphisms. Following [FR93], we say that a ho¬ 
momorphism of noetherian local rings (/>: A ^ B is formally factorizable if its com¬ 
pletion can be factored into a composition of a formally smooth homomorphism of 
noetherian complete local rings A ^ D and a surjective homomorphism D ^ B. 
Any such factorization A ^ D ^ B will be called a formally smooth factorization 
of (j). It is proved in [FR93, Theorem 4] that (f) is formally factorizable if and only if 
the extension of the residue fields l/k has a finite-dimensional imperfection module 
T,/fc = Ri(Li/fc) (see [Gro67, Oiv, 20.6.1 and 21.4.8]). 

Remark 2.1.5. Note that dim/T/^^, = oo can happen only when k has infinite 
p-rank (i.e. [k : k^] = oo) and the extension l/k is not finitely generated. In 
particular, formally non-factorizable homomorphisms are pretty exotic and almost 
never show up in applications. 

2.2. Properties of formal smoothness. 

2.2.1. Criteria. Here are the main criteria for formal smoothness of local homo¬ 
morphisms of noetherian rings. 

Theorem 2.2.2. For a local homomorphism f: (A,m) -A {B,n) of noetherian 
local rings the following conditions are eguivalent: 

(i) f is formally smooth, 

(ii) the completion f: A ^ B is formally smooth, 

(ii)’ the completion f:A^B is a regular homomorphism, 

(Hi) f is flat and its closed fiber f:k = A/m -A B = B/mB is formally smooth, 
(Hi)’ f is fiat and its closed fiber f:k = A/m -A B = B/mB is a regular 
homomorphism (i.e. B is geometrically regular over k). 
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Proof. The equivalence of (i) and (ii) is almost obvious, see [Sta, tag/07ED]. See 
[Sta, tag/07NQ] for the equivalence of (ii), (iii), and (in)’, and see [Sta, tag/07PM] 
for the equivalence of (ii) and (ii)’. ^ 

Corollary 2.2.3. A morphism of noetherian schemes f:Y^Xis regular if and 
only if it is formally smooth at all points ofY. 

Proof First assume / is formally smooth at all points of Y, so Statement (i) above 
is satisfied locally at every point. By the theorem. Statement (iii)’ is satisfied locally 
at every point, so / is flat and the geometric fibers are locally regular, hence regular. 
Being flat with regular geometric fibers, the morphism / is regular. 

The other direction is similar: assume / is regular, so it satisfies Statment (iii)’ 
of the theorem at every point. By the theorem. Statement (i) holds at every point, 
namely / is formally smooth at every point. X 

As another corollary, we obtain that formal smoothness behaves nicely for qe 
(or quasi-excellent) schemes (e.g., see [IL012, Definition 1.2.10]). In particular, it 
becomes a local property (this is due to Andre, see [And74]). 

Corollary 2.2.4. Assume that (f: A ^ B is a local homomorphism of noetherian 
rings and A is a qe ring. Then tp is formally smooth if and only if it is regular. In 
particular, if f: Y ^ X is a morphism of noetherian schemes with X a qe scheme, 
and if f is formally smooth at all closed points of Y, then f is regular. 

Proof. Assume (p is formally smooth. By Theorem 2.2.2, the completion p: A ^ B 
is regular. Since A is quasi-excellent, the composition A ^ A ^ 13 is regular. Since 
B is noetherian, the completion homomorphism B ^ B is flat and surjective on 
spectra. By [Sta, tag/07NT] the homomorphism p is regular. 

The other direction follows from Theorem 2.2.2 or Corollary 2.2.3. ^ 

2.2.5. Adic lifting property. It is shown in [Sta, tag/07NJ] that a formally smooth 
/ satisfies a strong lifting property with respect to continuous homomorphisms to 
adic rings. We will need the following particular case: 

Lemma 2.2.6. Let f: A ^ B be a formally smooth local homomorphism, let C 
be a complete noetherian local ring, and let I C C be any ideal. Then any pair 
of compatible homomorphisms of topological rings A —> C and B C/1 admits a 
lifting B ^ C. 

Proof. Since C is noetherian J is a closed ideal, see [Mat89, Theorem 8.14]. Also 
I is contained in the maximal ideal of C, which is an ideal of definition. Therefore 
the claim follows from [Sta, tag/07NJ]. X 

Corollary 2.2.7. Let A be a local ring with residue field k, let B and C be complete 
noetherian local A-algebras, and assume that B is formally smooth over A. Then 
an A-homomorphism g: C ^ B is an isomorphism if and only if its closed fiber 
9 = 9 k is an isomorphism. 

Proof. Only the inverse implication needs a proof. We first claim that when the 
closed fiber g is surjective then g is surjective. Since B and C are complete with 
respect to their maximal ideals, they are also complete with respect to mAB and 
mAC, respectively. As g is surjective, the (n — l)st infinitesimal fibers Clm\C 
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B/m\B are surjective by Nakayama’s lemma for nilpotent ideals, and we obtain 
that g is surjective too. 

Setting I = Kei{g) and using Lemma 2.2.6, we obtain that there exists a homo¬ 
morphism h: B ^ C making the following diagram commutative 


B. 




C/I 


In other words, we have found a section h of g. Note that the closed fiber of h is 
surjective (in fact, h = The first statement proven above with g replaced by 

h gives that h is surjective. X 


2.2.8. Splitting of formally smooth homomorphisms. Now we are ready to prove the 
main result of section 2 in the equal characteristic case: any formally smooth ho¬ 
momorphism between complete noetherian local rings is a base change of its closed 
Hber. For convenience of the exposition we will deal with the mixed characteristic 
case separately. 

Recall that if A is a complete noetherian local ring with residue field k, and if 
A contains a field, then A contains fc as a coefficient field i: k ^ Ahy Cohen’s 
Structure Theorem, [Sta, tag/032A]. 

Theorem 2.2.9. Let f: A ^ B be a local homomorphism of complete noetherian 
local rings with closed fiber f: k = A/mA B = B/mAB. Assume that A contains 
a field. 

(i) Assume f is formally smooth. Then there is a coefficient field i: k ^ A 
and a section j ■. B ^ B of the surjection B —>^ B which extends the composition 
f oi: k ^ A ^ B. 

(ii) Assume f is formally smooth. Then for any choice of such i and j, the ho¬ 
momorphism A®kB B is an isomorphism. In particular, f is (non-canonically) 
isomorphic to the formal base change of its closed fiber f with respect to i. 


Proof. To establish existence of j we apply Lemma 2.2.6 to the following diagram: 


3 

B^=B 

Once j is fixed, we obtain a homomorphism g: A®kB —>■ R of complete noetherian 
local A-algebras whose closed fiber g: fc R ^ i? is an isomorphism. Hence g is 
an isomorphism by Corollary 2.2.7. ^ 

2.2.10. The mixed characteristic case. Recall that given a field fc with char(fc) = 
p > 0, a Cohen ring C'(fc) is a complete DVR with residue field fc and maximal ideal 
(p). Since C'(fc) is formally smooth over Zp (see Theorem 2.2.2), given a complete 
local ring A with AJmA = fc, the homomorphism C(fc) fc lifts to /: C'(fc) —>■ A. 
In fact, this argument is used in the proof of Cohen’s Structure Theorem, [Sta, 
tag/032A]: in the mixed characteristic case, C'(fc) ^ H is a ring of coefficients of 
A, and in the equal characteristic case Im{f) = fc is a field of coefficients of A. 


f 
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Assume char(fe) is of characteristic p > 0. By [Sta, tag/07NR], any formally 
smooth homomorphism g: k ^ D with D a complete noetherian fc-algebra admits 
a formally smooth lifting f:C{k) —>■ A, with E a suitable complete noetherian 
ring, in the sense that g = f 'Sic(k) k. Moreover, if /': C{k) —>■ E' is another 
such lifting then by formal smoothness of / the homomorphism E ^ D lifts to a 
homomorphism E ^ E\ which is necessarily an isomorphism. For this reason, we 
will use the notation C{D) = E and C{g) = /. 

In order to unify the notation, if i? is a ring containing Q, we set C{R) = R, 
and for any homomorphism f:R^Swe set C{f) = f. Here is the analogue of 
Theorem 2.2.9. 

Theorem 2.2.11. Let f: A ^ B be a local homomorphism of complete noetherian 
local rings with closed fiber f : k = A/tua B = B/mAB. 

(i) Assume f is formally smooth. Then there exist homomorphisms i: C(k) —>■ A 
and j : C{B) —>■ B making the following diagram commutative. 



(ii) Assume f is formally smooth. Then for any choice of i and j the homomor¬ 
phism A^q^j^-^C^B) B is an isomorphism. In particular, f is (non-canonically) 
isomorphic to the formal base change of a Cohen lift C{f) of its closed fiber f. 


Proof. As we saw in the beginning of Section 2.2.10, the homomorphism C(fc) ^ k 
lifts to i: C'(fc) —> A. In particular, B becomes a C'(fc)-algebra. Since C{f) is 
formally smooth by Theorem 2.2.2, the C(fc)-homomorphism C{B) —>■ B lifts to a 
C'(A:)-homomorphism j : C{B) —>■ B. 

Given i and j, we obtain a homomorphism g\ A®c{k)C{B) B oi complete 
noetherian local A-algebras whose closed fiber k B ^ B \s an isomorphism. 
Hence g is an isomorphism by Corollary 2.2.7. ^ 

Remark 2.2.12. In a sense, Theorem 2.2.9 reduces the classification of formally 
smooth homomorphisms / : A —>■ H of complete local rings to the case when the 
source is a field. By Theorem 2.2.2, g: fc -F A is formally smooth if and only 
if A is geometrically regular over k. Perhaps, this is the “best” characterization 
of formally smooth fc-algebras one can give in general. On the other hand, if we 
further assume that K = A/mA is separable over k (e.g., if k is perfect) then a 
better characterization is possible: g is formally smooth if and only if A is of the 
form ATpi,..., t„]. Indeed, since k ^ K is formally smooth we can extend g to a 
field of coefficients K ^ A. Then we choose G,... ,t„ to be any family of regular 
parameters. Applying Theorem 2.2.11 we obtain as a consequence that if / is 
formally smooth and the extension of the residue fields K/k is separable then there 
is an isomorphism of A-algebras A®c(^f^-^C{K)\ti,... ,t„] ^ B. 
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3. Generalities on group scheme actions 

In this section we fix some basic terminology, including group schemes, orbits, 
stabilizers, etc. 

3.1. General groups. 

3.1.1. Group schemes and actions. A Z-fiat groupscheme (resp. fiat 5'-group scheme) 
G will be simply referred to as a group (resp. S-group). An action of a group G 
on a scheme X is given by an action morphism p: G x X ^ X satisfying the usual 
compatibilities: associativity and the triviality of the unit action. Similarly an ac¬ 
tion of an S-group G on an S'-scheme X is given by a morphism p: G Xs X X 
satisfying the analogous requirements. If X is an 5-scheme and G is a group then 
an action of G on X is called an S-action if p is an 5-morphism. Giving such an 
action is equivalent to providing X with an action of the 5-group Gs = G x 5. 

Remark 3.1.2. The projection and the action morphisms give rise to an fppf 
groupoid G X A" X, see [Sta, tag/0234], which often shows up in constructions 
related to the action. 

3.1.3. Stabilizers. The stabilizer or inertia group of an action of G on X is the 
X-group scheme 


Ix = Eq(Gx =1X) = Gx X X, 

XxA 

where the component maps of Gx —t X x X are the action and projection maps 
and X —>• X X X on the right is the diagonal. This is a subgroup of the X-group 
Gx, which is often not fiat. For any point x G X, we define its stabilizer as the 
fiber Gx = Ix xx Spec(fc(x)). 

3.1.4. Orbits. Working with varieties one usually considers only “classical” orbits 
of group actions, which can be characterized as orbits of closed points or locally 
closed orbits. When G acts on a more general scheme X it is more natural to take 
into account orbits of all points. A set-theoretic orbit of a: € X is the image of the 
map G X Spec(fc(x)) —>■ X. This definition ignores the non-reduced structure which 
becomes essential when G is non-reduced. For example, free and non-free actions 
of Pp are distinguished by the nilpotent structure of the orbits. 

In order to define scheme-theoretic orbits one should use the scheme-theoretic 
image, see [IIar77, II, Exercise 3.11 (d)], [Sta, tag/01R6]. Let Ox be the scheme- 
theoretic image of G x Spec(fc(a:)) —>■ X, and let Ox be obtained from Ox by 
removing all proper closed subsets of the form Oy. We provide Ox with the structure 
sheaf Oq \o^ and call it the G-orbit of x. We do not know general criteria for Ox 
to be a scheme, but the orbits we will use below are in fact schemes. Note that in 
this case. Ox is a limit of open subschemes of Ox. 


3.2. Diagonalizable groups. Starting from this point, we consider only diagonal- 
izable groups G. Probably, many results can be extended to the case of arbitrary 
linearly reductive or even reductive groups, but we do not pursue that direction. 
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3.2.1. The definition. By a diagonalizable group we mean a finite type diagonaliz- 

able group G over Z, see [SGATOb, VIII.1.1]. In other words, G = = Spec(Z[L]) 

for a finitely generated abelian group L. Note that for any subgroup L' C L 
with the quotient L" = we have a natural embedding ^ and 

^ Dl'. Moreover, this construction exhausts all subgroups and quotient 
groups of Di. 

3.2.2. Action of a diagonalizable group. Any element d G L induces a character 
Xd - G ^ Qm = Dz, and this construction identifies L with the group of all char¬ 
acters of G. An action of a diagonalizable group G = Dz on a scheme X can also 
be described in the dual language by giving a comultiplication homomorphism of 
Gjf-algebras Ox Ox[L]. 

3.2.3. The affine case, li X = Spec (A) is affine then the action is described by 

the homomorphism pfb ■ ^ A[L], and it is easy to see that such a homomor¬ 

phism pfl" is, indeed, a comultiplication if and only if it corresponds to an L- 
grading A = ©„gzA„ on A, see [SGA70a, 1.4.7.3]; if a = ^ a„ with a„ S A„ then 

= '^OnU. In the sequel, we will identify G-actions on AT = Spec(A) with 
the corresponding L-gradings of A. 


4. L-graded rings 

In this section we study how a diagonalizable group G = Dz acts on affine 
schemes X = Spec(A). On the algebraic side, this corresponds to studying L- 
graded rings A = ©„gzA„. 

4.1. Coinvariants and the scheme of fixed points. 

4.1.1. Coinvariants. Given an L-graded ring A consider the ideal I generated by 
all modules A„ with n ^ 0. It is a graded ideal, and one has /„ = A„ for n 7 ^ 0 
and Iq = '^n^QAnA_n. Note that A/I = Aq/Iq is the maximal graded quotient 
of A with trivial L-grading. We call it the ring of coinvariants of A and denote it 
Ag or Az. 

4.1.2. The scheme of fixed points. If X = Spec(A) then X^ := Spec(AG') is the 
maximal closed subscheme of X on which the action is trivial. Obviously, X i-A 

is a functor on the category of affine G schemes. We call it the fixed points functor, 
see also §5.1.13 below. 

4.2. Invariants and the quotient. 

4.2.1. The definition. If A is an L-graded ring then G = Dz acts on A, and Ad 
is the set of all elements on which G acts through Xd- In particular, the ring of 
invariants A*^ coincides with Aq. The quotient of X = Spec(A) by the action is the 
scheme X // G ■.= Spec(Ao). Obviously, X >->• X / G is a functor on the category of 
affine G schemes. We call it the quotient functor. 
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4.2.2. Some properties preserved by the quotient functor. It is classical, that the 
properties of being reduced, integral, and normal are preserved by quotients. 

Lemma 4.2.3. Assume that an L-graded ring A = (BneLAn satisfies one of the 
following properties: reduced, an integral domain, a normal domain. Then Aq 
satisfies the same property. 

Proof. Only the last case needs a justification. Assume that A is a normal domain 
and so Aq is a domain. If a, 6 S Aq are such that b ^ 0 and c = f is integral over 
Aq then c G A. Since 6 c = a in the domain A, and a,b € Aq, we obtain that c is 
also homogeneous of degree zero. X 

Another property preserved by quotients is being of finite type. 

Lemma 4.2.4. Assume that an L-graded ring A = 0„giA„ is finitely generated 
over a subring C C Aq. Then Aq is finitely generated over C. 

Proof. We can choose homogeneous C-generators of A, and this gives a presenta¬ 
tion of A as a quotient of an L-graded polynomial algebra B = C[ti,... fi] by a 
homogeneous ideal I. Then A„ = Bn/In for any n G L, and so Aq is a quotient 
of Bq. Note that Bq = C[M] for the monoid M = (/)“^(0) with N* L given 
by </>(ai, ... ,ai) = Yl\=i deg(L). Since the monoid M is finitely generated, Bq is 
finitely generated over C, and the lemma follows. ^ 

4.2.5. Universality of quotients and fixed point schemes. As opposed to the case of 
general reductive groups, the quotient is universal in the sense of [MFK94, Ch. 0, 
§ 1 ], regardless of the characteristic: 

Lemma 4.2.6. Assume that G = T>l acts on X = Spec(A), write Y = X // G, let 
Y' ^ Y be an affine morphism, and let X' = Y' Xy X . Then X' // G = Y' and 
{X')° =X^ XxX'. 

Proof. Let Y' = Spec(i3o)- Since Y = Spec(Ao), we obtain that X' = Spec(B), 
where B = Bq 0^0 with the grading B = ®Ao ^n- So, Bq is the degree 

zero component of B, and hence X' // G = Y'. In addition, A„L = BnB for any 
n G L, hence Bq = B giving 

{X'f = SpecBa = SpecL®^ Ac = X^ xxX'. 

Remark 4.2.7. A much more general result is proved by Alper in [AlpOS, Prop. 
4.7(i)]. 

4.2.8. Fibers. The quotient morphism X ^ Y = X // G is G-equivariant with 
respect to the trivial action on Y, hence it contracts the orbits of the action on X. 
It is well known that two orbits of closed points are mapped to the same point if 
and only if their closures intersect, so on the set-theoretical level one can view Y 
as the “separated” quotient of X. For example, if X is defined over a field then the 
same fact is proved for any reductive group action in [MFK94, Cor. 1.2]. In the 
case of a diagonalizable group, one can obtain a more precise description as follows. 

Lemma 4.2.9. Assume that G = Dl acts on X = Spec(A) and let y be a point 
ofY = X // G. Then the fiber Xy contains a single orbit O which is closed in Xy, 
and this orbit belongs to the closure of any other orbit contained in Xy . 
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Proof. By Lemma 4.2.6 we can replace Y with y = Spec(/c(y)) and X with Xy = 
X Xy y. So, we can assume that Y = Spec(fc) for a field k and X = Spec(A) for 
an L-graded fc-algebra A = with Aq = k. The set L' of elements n € L, 

such that An contains a unit of A, is a subgroup of L. Furthermore, ii n G L' then 
any non-zero element of is a unit because Aq is a field. So, I = (BneL-^L'An 
is the maximal homogeneous ideal of A. The closure of any orbit is given by a 
homogeneous ideal, hence contains O = Spec(Al//). It remains to observe that 
O ^ Spec(fc[L']) is a single orbit with stabilizer X 

Example 4.2.10. If G = Gm then there are two types of fibers: either Xy contains 
a single G-invariant closed point, or Xy is a single orbit with stabilizer 

Recall that a morphism —>■ T is submersive if C/ C E is open if and only if 
its preimage is open [Sta, tag/0406]. Lemmas 4.2.6 and 4.2.9, and [1MFK94, §0.2, 
Remarks 5 and 6] imply the following result. 

Corollary 4.2.11. If G = Dl acts on X = Spec(A) then X ff G is a universal 
categorical quotient and the quotient morphism X X jj G is submersive. 

Example 4.2.12. For completeness, we note that the above theory completely 
breaks down for non-reductive groups. The classical example is obtained when 
X = Spec(A) is GL 2 (/c) and G is a Borel subgroup acting on X on the left. Then 
A^ = k, but the categorical quotient is f‘\. In particular, Spec(A‘^) is just the 
affine hull of the categorical quotient. 

4.3. Noetherian L-graded rings. A theorem of S. Goto and K. Yamagishi states 
that any noetherian L-graded ring is finitely generated over the subring of invari¬ 
ants, see [GY83]. In the case of a finite group action (not necessarily commutative) 
an analogous claim was recently proved by Gabber, see [IL012, Exp. IV, Prop. 
2.2.3]. It seems that the work [GY83] is not widely known in algebraic geometry; 
at least, we have reproved the theorem (in a more complicated way!) before finding 
the reference. For the sake of completeness, we outline the proof of [GY83, Theorem 
1 .1] below. 

Proposition 4.3.1 (Goto-Yamagishi). Assume that A = (Bu^lAu is a noetherian 
L-graded ring. Then Aq is noetherian, each An is a finitely generated Aq- module, 
and A is a finitely generated AQ-algebra. 

Proof. If n G L then for any Ao-submodule M C An the ideal MAoiA satisfies 
MA n An = M. It follows that each is a noetherian Ao-module, so Aq is a 
noetherian ring and each Ao-module An is finitely generated. It remains to prove 
that A is finitely generated over Aq, and the case of a finite L is, now, obvious. 

In general, L is a direct sum of cyclic groups, and using that A^ = {A^ , 

we reduce the claim to the case when L is cyclic. Thus, we can assume that L = Z. 
It suffices to prove that A>q = ©n>oA„ is finitely generated over Aq. Indeed, the 
same is then true for A<o = (Bn<oAn by the symmetry, and we win. 

Set A_|_ = ©„>oA„. The homogeneous ideal A+A is finitely generated, so we can 
choose its homogeneous generators /i,... ,fi G A+. Note that Ui = deg(/i) > 0. 
Set n = maxi Ui and let G C A>o be the Ap-subalgebra generated by Aq, .. . ,A„. 
We claim that G = A>o, so the latter is finitely generated over Aq. Indeed, by 
induction on to > n we can assume that Aq, ... ,Am-i lie in G. Any g G Am can 
be represented as '^gifi, and the equality is preserved when we remove from each 
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gi the components of degree different from m — m. But then gi G Am-Ui C C by 
the induction assumption, and so g G C. Jit 

4.4. L-local rings. In this section we study L-local rings that play the role of local 
rings among L-graded rings. 

Remark 4.4.1. In fact, one can develop an L-graded analogue of commutative 
algebra (and algebraic geometry) which goes rather far. See [Tcm04, §1], where 
graded versions of fields, local rings, fields of fractions, prime ideals, spectra, valu¬ 
ation rings, etc., were introduced. Many formulations and arguments are extended 
to the graded case just by replacing “elements” (of a ring or a module) with “ho¬ 
mogeneous elements”. 

4.4.2. Maximal homogeneous ideals. By a maximal homogeneous ideal of an L- 
graded ring A we mean any homogeneous ideal m C A such that no homogeneous 
ideal n satisfies m C n C A. Note that m does not have to be a maximal ideal of 

A. 

4.4.3. Graded fields. An L-graded ring k is called an L-graded field if 0 is the only 
proper homogeneous ideal of A. Equivalently, any non-zero homogeneous element 
of A is invertible. Note that m C A is a maximal homogeneous ideal if and only 
if A/m is a graded field. Graded fields are analogues of fields in the category of 
graded rings. In particular, it is easy to see that any graded module over fc is a free 
fc-module, see [Teni04, Lemma 1.2]. 

4.4.4. L-local rings. An L-graded ring A that possesses a single maximal homoge¬ 
neous ideal m will be called L-local, and we will often use the notation (A, m). A 
homogeneous homomorphism A —^ L of L-local rings is called L-local if it takes 
the maximal homogeneous ideal of A to that of B. Here are a few other ways to 
characterize L-local rings. 

Lemma 4.4.5. For an L-graded ring A the following conditions are equivalent: 

(i) A is L-local. 

(ii) The ring Aq is local. 

(Hi) The action o/D^ on Spec(A) possesses a single closed orbit. 

Proof. Homogeneous ideals of A correspond to closed D^-equivariant subsets of 
Spec (A), hence (i) is equivalent to (in). On the other hand, each fiber of the quotient 
map Spec (A) —> Spec(Ao) contains a single closed orbit hence (ii) is equivalent to 
(in). X 

Example 4.4.6. A homogeneous ideal p C A is called L-prime in [Tem04, §1] if 
for any two homogeneous elements x, y with xy G p at least one of them lies in 
p. Inverting all homogeneous elements in A \ p one obtains an L-local ring Ap^r 
that we call the homogeneous localization of A at p. Even if p is prime in the usual 
sense, Ap^r is usually smaller than the usual localization Ap. 

4.4.7. Homogeneous nilpotent radical. By the homogeneous nilpotent radical we 
mean the ideal generated by all homogeneous nilpotent elements. The following 
result is proved precisely as its classical ungraded analogue. 

Lemma 4.4.8. Let A be an L-graded ring. Then the homogeneous nilpotent radical 
of A coincides with the intersection of all L-prime ideals of A. 
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4.4.9. Graded Nakayama’s lemma. 

Proposition 4.4.10. Let (A, m) be an L-local ring and let M be a finitely generated 
L-graded A-module. Then mM = M if and only if M = 0. 

Proof. Note that M = 0 if and only if its support is empty. By Nakayama’s lemma, 
the latter consists of all points x G Spec(A) such that M{x) = M k{x) ^ 0. 
Since the support is D^-equivariant, it is given by a homogeneous ideal, and hence 
it is either empty or contains Vim). It follows that M = 0 if and only if M{x) = 0 
for any x € V{m). The latter is equivalent to the vanishing of M/mM. X 

As in the usual situation, Nakayama’s lemma has the following immediate corol¬ 
lary. 

Corollary 4.4.11. Let (A, m) be an L-local ring with residue graded field k = A/m, 
and let M a finitely generated L-graded A-module. Then, 

(i) A homogeneous homomorphism of L-graded A-modules </>: N ^ M is surjec¬ 
tive if and only if f k is surjective. 

(ii) Homogeneous elements mi,... ,mi generate M if and only if their images 
generate M/mM. 

(Hi) The minimal cardinality of a set of homogeneous generators of M equals to 
the rank of the free k-module M/mM. 

4.4.12. Equivariant Cartier divisors. As a corollary of the graded Nakayama’s lemma 
we can give the following characterization of equivariant divisors that will be used 
in [AT15b] when toroidal actions are studied. (The finite presentation assumption 
is only essential in the non-noetherian case.) 

Proposition 4.4.13. Assume that (A, m) is an L-local integral domain and D C 
Spec(A) is an equivariant finitely presented closed subscheme. Let x be an arbitrary 
point ofV{m) and let Xj, = Spec((!ljc_ 2 ;) be the localization at x. Then the following 
conditions are equivalent: 

(i) D = V{f) for a homogeneous element f € A, 

(ii) D is a Cartier divisor in X, 

(Hi) Dx = D Xx Xx is a Cartier divisor in X^. 

Proof. The only implication that requires a proof is (hi) (i). By our as¬ 

sumptions, D = V{L) for a finitely generated homogeneous ideal /, so L/mL is 
a free A/m-module of a finite rank d. Since is Cartier, the fc(x)-vector space 
I 0^ k(x) = [I/ml) ®A k{x) is one-dimensional, and we obtain that d = \. Then 
I is generated by a single homogeneous element / by Corollary 4.4.11. ^ 

4.4.14. Regular parameters. Let (A,m) be an L-local ring. Then O = Spec(A/m) 
is the closed orbit of Spec(A) and hence A/m = k[L'], where k = A^/m^ is the 
residue field of Aq and L' Q L \s &. subgroup. 

Lemma 4.4.15. Keep the above notation and assume that A is a regular ring and 
the torsion degree of L' is invertible in k. Let n be the codimension of O in Spec (A), 
then there exist homogeneous elements ti,... fn G A that generate m. 

Proof. By Nakayama’s lemma 4.4.11 (hi), we should only check that the rank of the 
free A/m-module m/mf is n. Note that m/mf dehnes the conormal sheaf to O. 
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But O is regular by our assumption on the torsion of L', hence the rank of the 
conormal sheaf is n. X 

4.5. Strictly L-local rings. 

4.5.1. The definition. An L-local ring (A,m) is called strictly L-local if m contains 
any A„ with n 0. Here are a few natural ways to reformulate this: 

Lemma 4.5.2. Let {A,m) be an L-local ring and let mo = m n Aq. Then the 
following conditions are equivalent: 

(i) A is strictly L-local. 

(ii) the closed orbit o/D^ on Spec(A) is a point. 

(Hi) A/m = Ao/mo. 

(iv) m = mo® (©O^nGi^n)- 

4.5.3. Regularity and coinvariants. 

Lemma 4.5.4 ([Fog73, Corollary of Theorem 5.4]). If a strictly L-local ring (A, m) 
is regular then the ring of coinvariants Aj^ is regular. 

Proof. Choose ti,...,ti as in Lemma 4.4.15. Since A/m is a field, they form a 
regular family of homogeneous parameters. First, consider the case when all ti are 
of degree zero. We claim that A = Aq, and so Al = A is regular. Indeed, we have 
that m = mg A, where mg = m C Ag. Choose 0 7 ^ n S L. Since A„ C m, we obtain 
that mgA„ = A„. But A„ is a finitely generated Ag-module by Proposition 4.3.1, 
and so A„ = 0 by Nakayama’s lemma. 

Assume now that the degrees are arbitrary, and reorder ti so that ti,... ,tq are 
the only elements of degree 0. Then A' = A/(tg_|_i,... fi) is regular and we have 
that Af = Al. It remains to observe that the images of ti,... ,tq form a regular 
family of parameters of A', and so Af = A! by the above case. ^ 

4.5.5. Completion. By an L-complete local ring we mean a complete local ring 
(A, m) provided with a formal L-grading A = JlnGi such that A„ C m for 
each n 7 ^ 0. In particular, A is strictly L-local in the formal sense and its residue 
field is trivially graded. Homogeneous homomorphisms of L-complete local rings 
are defined in the obvious way. The main motivation for considering this class of 
rings is the following result. 

Proposition 4.5.6. Assume that L is a finitely generated abelian group and (A, m) 
is a noetherian strictly L-local ring. Set mo = m fl Ag and for each n G L let A„ 
denote the mo-adic completion of the Ao-module An. Then, the m-adic completion 
of A is isomorphic to OnGi^"’ ™ particular, it is an L-complete local ring. 

Proof. Write rug = mgA. We need to relate the m-adic and rug-adic topologies on 
A. We have the following: 

Lemma 4.5.7. (1) There is a constant b> 0 and, for every n G L a constant 

r{n) > 0, such that the following holds. Let a € A„ fl m^. Then if N > 
bq + r{n) then a € {m^Y. 

(2) For each N the set {n £ L|A„ (f m^} is finite. 
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Proof of the lemma. (1) By Proposition 4.3.1, A is finitely generated over ^o, hence 
we can choose homogeneous ^o-generators fi,ft € AxAq. Denote their degrees 
by ni,...,nfc £ L \ {0} and consider the monoid homomorphism (f: —>■ L 

sending the i-th generator to rii. An element of A„ is a polynomial in the fi whose 
monomials have exponents in Any monomial in lies in mo, and 

the claim is proven if we find 6 > 0 and r(n) > 0 and show that each monomial 
appearing in a £ A„ n with N > hq ~\- r{n) factors at least q monomials in 
mo. Writing \{li,... ,lk)\ = we need to find 5 > 0 and r{n) > 0 and show 
that each monomial /^ • • • fjf of degree |(/i ,... ,lk)\ = N > bq + r{n) in fi such 
that (fifi,... ,lk) = n factors into at least q monomials lying in mo. This is a 
combinatorial question on lattices. 

Consider first the case n = 0. The monoid is finitely generated, = 

{gi,..., gs). Write b = max(|(;i|). If {li,...,lk) £ then it has an integer 

expression {h,... ,lk) = Y. and q = Yqi>N/ max(|gi|). So, • f^ is the 
product of at least q elements of the form in mo. This gives the result in this 
case. 

Consider the general case. Since the monoid is noetherian, the ideal gener¬ 
ated by has finitely many generators hi,... ,ht £ (j>~^{n). It follows that 

= Ui (hi + Write r = max(|hi|). Then any (^i ,... ,lk) £ 4i~^{n) of 

degree N > bq + r can be written as hi + t, with t £ of degree > bq, hence 

t is the sum of at least q elements of <^“^(0), which gives the general case. 

(2) Let a € An C A with a ^ . Then any expression a = Y ' ’' fk'" has 

at least one monomial of degree \{lji ,..., ljk)\ < N. But the set of (/i ,... ,lk) of 
degree < is finite, therefore the set of n = 4>{h, ■ ■ ■ Jk) with \{li,... ,lk)\ < N is 
finite, as required. X 

We continue to prove Proposition 4.5.6. Note that A„ = A„/(m^ fl A„) 

since An C (m^ fl A„) C An by Lemma 4.5. 7(1). Also, claim (2) of 

the same lemma implies that (BnAnj (m^ fl A„) = ^n/Cl A„). Using that 

products are compatible with limits we obtain that 

A = \^A/m^ = ^©„giA„/(m^ n A„) = ^ A„/(m^ n A„) = 

N N N n&L 

1^ A„/(m^ n An) = An, 

neiL ^ neiL 

as required. X 

4.6. Strongly homogeneous homomorphisms. We say that a homogeneous 
homomorphism (j): A —>■ B of L-graded rings (resp. L-complete local rings) is 
strongly homogeneous if A 0Ao Bq = B (resp. = B) as L-graded rings 

(resp. L-complete local rings). Similarly, if P is a property of homomorphisms 
stable under base changes, e.g. formally smooth, then we say that (p is strongly 
P if it is strongly homogeneous and (/)o: Ag —?> Bq satisfies P. Our next aim is to 
establish a criterion of strong homogeneity in one of the following two cases: 

(1) The local case: ()) is a local homomorphism of noetherian strictly P-local 
rings. 

(2) The formal case: ^ is a local homomorphism of noetherian L-complete local 
rings. 
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4.6.1. Reduction to the formal case. First, let us reduce the problem to the formal 
case. 

Lemma 4.6.2. Assume that (j): A ^ B is a homogeneous local homomorphism of 
noetherian strictly L-local rings. Then tf is strongly homogeneous if and only if its 
completion (j)\ A ^ B is strongly homogeneous. 

Proof. Clearly, (f is strongly homogeneous if and only if /„: An Ciaq Bq Bn is 
an isomorphism for any n & L, and it follows from Proposition 4.5.6 that f) is 
strongly homogeneous if and only if gn ■ An®^^BQ —> Bn is an isomorphism for any 
n € L. Since Bn is finitely generated over Bq we have that Bn = Bn ®Bo Bq, and 
since An is finitely generated over we have that An®^^Bo = An ®Ao Bq. Thus, 
gn: An (8 )Ao Bq ^ Bn® Bo Bq is the base change of /„ with respect to the faithfully 
flat homomorphism Bq ^ Bq, and hence /„ is an isomorphism if and only gn is an 
isomorphism. The lemma follows. Jit 

4.6.3. The fiber. Let (j) be as in cases (1) or (2). Set m = mA and k = A/m and 
consider the fiber (f: k ^ A = B/mB of </>. If (j) is strongly homogeneous then the 
hber is strongly homogeneous too, and since k is trivially graded we obtain that A 
is trivially graded too. The geometric meaning of the latter condition is that the 
action of Dl on the fiber Spec(A) is trivial. 

Lemma 4.6.4. Let k be a trivially graded field, A a noetherian local k-algebra 
with residue field I = A/wa and an L-grading making the structure homomorphism 
ip\ k ^ A homogeneous. Provide the l-vector spaces ®h I OLnd mA/rnf with 
the induced L-grading. Then the following conditions are equivalent: 

(i) A is trivially graded. 

(ii) The field I and the space mAlrn\ are trivially graded. 

(Hi) The field I and the space ®a I are trivially graded. 

Proof. Clearly, (i) implies (ii). Conversely, if (ii) holds then each vector space 
is trivially graded. Since n„m)( = 0 by the noetherian assumption, it 
follows that A is trivially graded. 

To prove equivalence of (ii) and (iii) we observe that the homomorphisms k —> 
A -A I induce an exact triangle of cotangent complexes - the transitivity triangle 
[11171, II.2.1.2.1] - whose associated exact sequence of homologies contains 

T//fc -A mA/m\ -A Ll^/k ®A I ^l/k- 

Both in (ii) and (iii), I is trivially graded and hence the end terms Ti/k and 
are trivially graded. Thus, m\/m\ is trivially graded if and only if Ll^/k is trivially 
graded, as needed. J^ 

Remark 4.6.5. The assumption on the grading of I is automatic when A is strictly 
L-local (as will be in all our applications), but it cannot be omitted in general. For 
example, consider the case when k = M. and A = / = C = R©*Rasa Z/2Z-graded 
field. 
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4.6.6. Lifting a formal grading. The following lemma will be our main tool in study¬ 
ing homomorphism with trivially graded fiber. 

Lemma 4.6.7. Let (j)\ A ^ B he a homogeneous local homomorphism of L-complete 
noetherian local rings with a trivially graded fiber k ^ B = B/mAB. Assume that 
g: A-^ D and h: D ^ B form a formally smooth factorization off) (2.1.4). Then 
one can provide D with a formal grading such that the following conditions hold: 

(i) Both g and h are homogeneous homomorphisms. 

(ii) The fiber D = D/mAD is trivially graded. 

(Hi) g is a graded base change of the trivially graded homomorphism C{k) —> 
C{D) introduced in 2.2.10. 

Proof. Since B is trivially graded we have B = Bo/moBo, where mg is the trivially 
graded component of toa- Fix a ring of coefficients i: C{k) —>• Aq, so that all 
rings we consider become C'(/c)-algebras. In particular we obtain homomorphisms 
iso ■ C{k) Bo and in '■ C{K) D which we utilize below. 

Recall that the homomorphism C{g): C{k) — C{D) discussed in 2.2.10 is for¬ 
mally smooth; considering the composed homomorphism C{D) D ^ B and the 
diagram 

C{k) Bo 

A 

C{g) 

C(D) -> B 

we can lift C{D) —)■ B to a. C'(fc)-homomorphism C{D) —> Bo. 

We claim that the composed homomorphism X: C{D) —Bo — B lifts to a 
homomorphism C{D) —> D such that the composition C{D) D ^ D is the 
canonical projection p: C{D) —>■ D. Indeed, we have natural homomorphisms 
(A,p): C{D) -A- B x-g D and D ^ B x-g D, giving a commutative diagram 

C[k)^^ - 

C(s) 

By the Chinese remainder theorem, the homomorphism D ^ B x-gD is surjective, 
and using the formal smoothness of C(g) again we can lift (A,p) to a homomorphism 
C(D) D. 

At this stage Theorem 2.2.11(ii), applied to the formally smooth homomorphism 
g : A ^ D, asserts that D = A®c{k)C{D)^ making g the base change of C{k) —>• 
C{D). Provide C{D) with the trivial grading. This induces the trivial grading 
on D, giving (ii). The formal grading A = IlraGL provides a formal grading 
D = rinei An®c{k)C{D) making g a graded base change, giving (iii); in particular 
g is homogeneous. The homomorphism C{D) —> B is homogeneous since it factors 
through Bo. This implies that An<^Q(^i^^C{D) -A- B factors through AnBo C B^ so 
h is homogenous, completing (i) as needed. ^ 
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4.6.8. Strong formal smoothness. Already the case D = B oi the above lemma 
allows to completely describe strongly formally smooth homomorphism (as defined 
in Section 4.6). 

Corollary 4.6.9. Assume that (f: A ^ B is a homogeneous local homomorphism 
of L-complete noetherian local rings. Then, 

(i) 4> is strongly formally smooth if and only if it is formally smooth and has a 
trivially graded fiber. 

(ii) If (j) is formally smooth then the following conditions are eguivalent: (a) (f 
has a trivially graded fiber, (b) cf is strongly homogeneous, (c) f) is strongly formally 
smooth. 

Proof. The forward direction in (i) follows from the discussion in 4.6.3, so we as¬ 
sume tp is formally smooth with trivially graded fiber, and prove that p is strongly 
homogeneous and (po is formally smooth. Applying Lemma 4.6.7 with D = B we 
obtain that B = A^c(k)C{B), where C{k) and C{B) are trivially graded. In par¬ 
ticular, i?o = Ao^c(k)C{B) and hence (p is strongly homogeneous. Moreover, (po is 
a base change of the formally smooth homomorphism C{k) —>■ C{B), hence (po is 
formally smooth and we obtain (i). 

To prove (ii) we note that the implications (c) (b) => (a) are obvious, and 

the implication (a) (c) follows from (i). ^ 

4.6.10. Strong homogeneity and the cotangent complex. Now we will study general 
factorizable homomorphisms, see 2.1.4. In this case, one should also control the 
grading of the kernel of a factorization D ^ B. Naturally, this is related to the 
first homology of the cotangent complex . 

Lemma 4.6.11. Assume that g: A ^ D is a formally smooth homogeneous local 
homomorphism of L-complete noetherian local rings with a trivially graded fiber 
k —>■ D, let I G D he a homogeneous ideal, B = D/I and I the residue field of B. 
Then the following conditions are equivalent: 

(i) The composition A ^ B is strongly homogeneous. 

(ii) I is generated by elements of degree zero. 

(Hi) {I/l'^) ®bI is trivially graded. 

(iv) Hi{]Lb/a 1) is trivially graded. 

Proof. (i)<^=>(ii) The homomorphism A ^ is strongly homogeneous by Corol¬ 
lary 4.6.9(i), hence A ^ B is strongly homogeneous if and only ii D ^ B is strongly 
homogeneous. The latter happens if and only if D/I = B = D ®b)o Bo = D/IqB, 
where Iq is the trivially graded part of /, i.e. if and only if (ii) holds. 

(ii) <;=J>(iii) The direct implication is clear. Conversely, assume that (iii) holds, 
then the B-module I/P is generated by elements of degree 0 by the graded Naka- 
yama’s Lemma, see Corollary 4.4.11(ii). Since elements of / generating I/P gen¬ 
erate I by the usual Nakayama’s Lemma, we obtain (ii). 

(iii) <J=>(iv) Consider the exact triangle A obtained from the transitivity triangle 

L_d/a C)b B —>■ Lb/a Lb/b —>■ Lb/a C)b ^[1] 

by applying • 1. By the formal smoothness oi A ^ D, the complex Lb/a C)b ^ 

is quasi-isomorphic to TIb/a 1. By [11171, III.1.2.8.1] we have i7o(LB/B) = 0 
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and Hi{L,b/d) = I/I^, therefore Hiihs/n 0 = I- It follows that the 

exact sequence of homologies associated with A contains the sequence 

0 (8)^ 1) —> [I/l'^) 0B I ^D/A 

By our assumption on A ^ D, the term ^d/a ®d k is trivially graded, hence 
(///^) I is trivially graded if and only if Hi{hB/A 0 is trivially graded. ^ 

4.6.12. The main result: formal factorizable case. We summarize what we have 
done so far in the factorizable case. This will be later generalized to arbitrary 
homomorphisms, see Theorem 4.7.8, but our result here is slightly more precise 
since we use only formally smooth factorizations in (ii). 

Theorem 4.6.13. A ssume that (j)\ A ^ B is a formally factorizable homogeneous 
local homomorphism of L-complete noetherian local rings. Then the following con¬ 
ditions are equivalent: 

(i) (j) is strongly homogeneous. 

(ii) (j) factors into a composition of homogeneous homomorphisms A ^ D ^ 
D/I = B, where D is L-complete, A ^ D is formally smooth with a trivially 
graded fiber and I is generated by elements of degree zero. 

(Hi) The l-vector spaces Hq(Lb/a 0 = ^b/a ®b I and Hi{hB/A 0 are 
trivially graded. 

Proof. By Lemma 4.6.4 the homomorphism (j> has a trivially graded fiber if and 
only if TIb/a®b I is trivially graded. This means that any of the conditions (i), (ii) 
or (iii) implies that both (j) has a trivially graded fiber and Hb/a ®b I trivially 
graded. 

Fix a factorization A ^ D ^ B with a formally smooth A ^ D. Since (j) has 
trivially graded fiber we may apply Lemma 4.6.7: in case (i) or (iii) holds we may 
grade D so that A —>■ D and D ^ B become homogeneous and with a trivially 
graded fiber; this holds by assumption in case (ii). 

It follows that under any of the assumptions (i), (ii) or (iii) the setup of Lemma 4.6.11 
holds. Furthermore, (i) is equivalent to Assumption (i) of Lemma 4.6.11, (ii) is 
equivalent to Assumption (ii) of Lemma 4.6.11, and (iii) is equivalent to Assump¬ 
tion (iv) of Lemma 4.6.11. The equivalence of (i), (ii) and (iii) now follows from 
the equivalence in Lemma 4.6.11. Jit 

Remark 4.6.14. Let (j): A —>■ R be a local homomorphism of L-complete noether¬ 
ian local rings and assume that the extension of the residue fields l/k is separable 
(in particular, (j) is factorizable). In this case, one can describe (j) very explicitly. 

Fix a ring of coefficients C{k) -A A. If ^ is formally smooth then by Re¬ 
mark 2.2.12 there exists an isomorphism of A-algebras A®c'(fc)C'(OPii • ■ • ^ 

It follows that in general (j> is strongly homogeneous if and only if there exists a 
homogeneous isomorphism of A-algebras 

{A®c(k)C{l)lti,... ,t„]) /(/i,... Jm) ^ B, 


where L, fj are of degree zero. 
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4.7. Elimination of the formal factorization assumption. The aim of this 
section is to extend main results of Section 4.6 to non-factorizable homomorphisms. 
This only requires to replace formally smooth factorizations by so-called Cohen 
factorizations. The arguments are very similar, so we will mainly indicate the 
modifications one has to make. 

4.7.1. Cohen factorization. Let 4>: A ^ B he a, homomorphism of noetherian com- 
plete local rings. A Cohen factorization of ^ is a factorization of the form A 

g 

D —» B, where D is a noetherian complete local ring, g is surjective, / is flat, and 
the ring D/niAD is regular. 

Remark 4.7.2. (i) Cohen factorizations were introduced by Avramov, Foxby and 
Herzog in [AFH94] to study local homomorphisms between noetherian complete 
local rings. In particular, they showed that such a factorization always exists. 
Later, this notion was exploited by Avramov in [Avr99] to establish foundational 
properties of general lei morphisms. 

(ii) For the sake of comparison with the formally smooth factorizations recall 
that / is formally smooth if it is flat and is geometrically regular over 

A/to^. Flat morphisms with regular fibers are sometimes called weakly regular, 
but they are not especially useful. So it may be surprising that Cohen factorization 
do provide a useful tool. 

4.7.3. Craded Cohen factorization. The following result will serve as a replacement 
of Lemma 4.6.7. 

Lemma 4.7.4. Letcf: A ^ B he a homogeneous local homomorphism of L-complete 
noetherian local rings with a trivially graded fiber k ^ B = B/mAB. Then there 

exists a Cohen factorization A ^ D ^ B such that the following conditions hold: 

(i) Both g and h are homogeneous homomorphisms. 

(ii) g is a graded formal base change of a homomorphism ip: C{k) —>■ C{l)\yi,... ,y, 
where I = B/niB and the gradings are trivial. In particular, the fiber D = D/mAD 
is trivially graded. 

We note that, unlike the situation in Remark 4.6.14, the homomorphism ip does 
not take C{k) to C{1) in general. 

Proof. The proof is a graded variation on the proof of [AFH94, Theorem 1.1], and 
it is also close to the proof of Lemma 4.6.7, so we only describe the construction. 
The rings A and B have the same residue fields as Aq and Bq, respectively, so we 
can fix structure homomorphisms C{k) —>■ Aq and C{1) —> Bq. Choose a surjective 
homomorphism C(/)|[j/i,... ,t/n] —» Bq that takes yi to a family of generators of 
msp, then the composed homomorphism C{k) Aq ^ Bq lifts to a homomorphism 
Ip: C{k) — >■ C{l)lyi,... ,?/„|. We provide ip with the trivial grading and define g 
to be the graded formal base change A ^ D = A0c{k)C{l)lyi, ■ ■ ■ ij/nl- We claim 
that g satisfies (ii). Indeed, g is flat because ip and the completion homomorphism 
A ®c(fc) ■ ■ ■ ,2/nl D are flat, and D/mAD = /|yi,... ,?/„] is regular. 

It remains to construct h. The graded homomorphisms C{l)\yi,... ,?/„| ->* Bq ^ 
B and (p induce a homomorphism h: D ^ B, so we should only check that h is 
onto. Since D/mo = I we should only prove that h{D) contains a set of generators 
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oi niB- Clearly, h(D) contains ruAB and tobq) remains to note that since 

B/ttiaB is trivially graded, ms = + uibo- ♦ 

4.7.5. The cotangent complex. Next, we adjust Lemma 4.6.11 to Cohen factoriza¬ 
tions. 

Lemma 4.7.6. Assume that g: A ^ D is a graded formal base change of a trivially 
graded homomorphism tp: Cik) where k = AjmA and I = 

D/mB- If I G D is a homogeneous ideal and B = D/1 then the following conditions 
are equivalent: 

(i) The composition A ^ B is strongly homogeneous. 

(a) I is generated by elements of degree zero. 

(Hi) {I/1“^) ®B I is trivially graded. 

(iv) Hi(JLb/a 1) is trivially graded. 

Proof. The proof is a copy of the proof of Lemma 4.6.11 with the only difference 
that in the exact sequence 

IIi{^iD/A 0 Hi[]Lb/A 0 ^ ^D/A '^D I 

the first term can be non-zero. However, we claim that it is trivially graded, and 
hence it is still true that {I / P)®bI is trivially graded if and only if Hi{)Lb/a 0 
is trivially graded. 

It remains to study HiIJ^b/a 0 - Set E = C{l)lyi,.. . ,y„|. Since ip is flat, 
the homomorphisms ip and C{k) -A A are Tor-independent and hence "Eb/a ^ 
^E/C{k) D by [11171, Corollary IIL2.2.3]. Thus, Lb/a I = Lis/c(/c) ^ is 
trivially graded since ip is trivially graded. ^ 

4.7.7. The main result: formal case. Now, we can eliminate the formal factorization 
assumption from our main formal result. 

Theorem 4.7.8. Assume that (p: A ^ B is a homogeneous local homomorphism 
of L-complete noetherian local rings. Then the following conditions are equivalent: 

(i) (p is strongly homogeneous. 

(ii) p possesses a Cohen factorization A D ^ D/I = B, where g a graded 
formal base change of a trivially graded homomorphism ip: C{k) C{l)\yi,... ,yn] 
and I is generated by elements of degree zero. 

(Hi) The l-vector spaces Hq/Lb/a 0 = ^b/a ®b I and IIi{Lb/a 1) are 
trivially graded. 

Proof. The proof of Theorem 4.6.13 applies, with Lemmas 4.6.4 and 4.6.11 replaced 
by Lemmas 4.7.4 and 4.7.6. ^ 

4.7.9. Descent of lei. The notion of general lei morphisms between noetherian 
schemes was introduced by Avramov, see Definition on pages 458-459 of [Avr99]. 
This is equivalent to the following: a local homomorphism of notherian local rings 
p: A ^ B is called complete intersection if its completion possesses a Cohen fac¬ 
torization A ^ D ^ B such that the kernel of D —> B is generated by a regular 
sequence. This turns out to be independent of the factorization. A morphism of 
locally noetherian schemes is lei if all its local homomorphisms are complete inter¬ 
sections. In particular, p is complete intersection if and only if it is lei, and we will 
use the notion lei in the sequel. 
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Recall that a flat lei morphism is called syntomic. Traditionally one assumes a 
syntomic morphism to be locally of finite presentation, but with Avramov’s general 
notion of lei morphisms this assumption becomes redundant. Unlike general lei 
morphisms, syntomic morphisms are preserved by arbitrary base changes, so the 
notion of being strongly syntomic makes sense (as dehned in Section 4.6). 

Lemma 4.7.10. Let (f>\ A ^ B be a homogeneous local homomorphism of L- 
complete noetherian local rings. 

(i) Assume that (j) is strongly homogeneous. If (f> is lei then (/jq: Aq —^ Bq is 
lei. Conversely, if (j)Q is lei and the homomorphisms (fo and Aq A are Tor- 
independent then (j) is lei. 

(ii) (j) is strongly syntomic if and only if it is syntomic and strongly homogeneous. 

Proof. The implication (i) (ii) is obvious, so let us prove (i). The inverse impli¬ 
cation is clear since lei morphisms are preserved by Tor-independent base changes 
and compositions, and the completion homomorphism A '^Aq Bq —> A^AqBo = B 
is lei. 

Assume now that (p is lei. Consider a Cohen factorization A ^ D D/1 = B 
as in Theorem 4.7.8. Then / is generated by a regular sequence of length n and 
hence any generating sequence of / of size n is a regular sequence. Note that n is 
the dimension of (///^) I, where I = D/mjy. By Lemma 4.7.6, {I/1“^) ®d I is 
trivially graded, hence we can find Xi,... ,Xn of degree zero whose images generate 
{I/1"^) ®D I- By Nakayama’s lemma, Xi generate I. As we noted above, Xi form a 
regular sequence in D and hence also in Dq. It remains to note that Aq -a Dq is 
a formal base change of C{k) —>• C{l)lyi,... ,ym]| and hence Aq ^ Dq ^ Bq is a 
Cohen factorization of (po, and the kernel of Dq —>■ Bq coincides with Iq and hence 
is generated by the regular sequence xi,... ,x„. ^ 

Remark 4.7.11. It may happen that (p is strongly homogeneous and pQ is lei 
but p is not lei. For example, take Aq = fc|a;] and Bq = Aq/{x) = k. Extend 
Aq to a graded algebra A = Ao[e]/(e^, xe), where s is homogeneous of a non-zero 
degree. Finally, set B = A^AqBq = AjxA = fc[e]/(e^). Then p: A ^ B is strongly 
homogeneous but not lei since xe = 0 and hence {x} is not a regular sequence. 

4.8. The strictly local Luna’s Fundamental Lemma. We complete our study 
of strong homogeneity with a summary of the strictly local case. Section 5 is 
devoted to the global relatively affine case. 

Theorem 4.8.1. Assume that p\ A B is a homogeneous local homomorphism 
of noetherian strictly L-local rings. Then 

(i) p is strongly homogeneous if and only if the l-vector spaces Ho{hB/A 0 = 
^B/A C)_B I and Hi{hB^A 0 trivially graded. 

(ii) Assume that p is formally smooth then the following conditions are equiva¬ 
lent: (a) CLb/a®bI is trivially graded, (b) p has a trivially graded fiber, (c) p is 
strongly homogeneous, (d) p is strongly formally smooth. 

(Hi) p is strongly syntomic if and only if it is syntomic and strongly homogeneous. 
Moreover, if p is strongly homogeneous then the following claims hold: (a) if p is lei 
then pQ is lei, (b) if po is lei and Tor-independent with the homomorphism Aq ^ A 
then p is lei. 
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Proof. Recall that by Lemma 4.6.2, (j) is strongly homogeneous if and only if its 
completion (j)-. A ^ B \s so. Since <8)5 1) = (g)h 1) by [FR93, 

Lemma 1], claim (i) follows from Theorem 4.6.13. 

Parts (a) and (b) of claim (ii) are equivalent by Lemma 4.6.4. Equivalence of (b), 
(c) and (d) reduces to Corollary 4.6.9(ii) because cfo'. Aq ^ Bq is formally smooth 
if and only if its completion is formally smooth and the latter coincides with the 
degree-zero part of (j) by Proposition 4.5.6. 

Note that (f) is lei or syntomic if and only if <j) is so. Since ((^)o is the completion 
of (fo by Proposition 4.5.6, it suffices to prove (iii) for </>, and this has already been 
done in Lemma 4.7.10. ^ 


5. Luna’s fundamental lemma 

In Section 5 we study relatively affine actions of diagonalizable groups on general 
noetherian schemes and extend the classical Luna’s fundamental lemma to this case. 
To simplify the exposition we work with split groups, and indicate in Section 5.7 
how the non-split case can be deduced. 

5.1. Relatively affine actions. 

5.1.1. The definition. An action of G = on a scheme X is called relatively 
affine if there exists a scheme Z provided with the trivial G-action and an affine 
G-equivariant morphism f: X ^ Z. In this case we define the quotient X jj G = 
SpeCz{f*{Ox)^). We omit Z in the notation because the quotient is categorical by 
the following theorem, and hence it is independent of the scheme Z. By definition, 
if T = X // G is covered by affine open subschemes Yi then Xi = Yi Xy X form an 
open affine equivariant covering of X and Yi = Xi jf G. Therefore, Lemma 4.2.9 
and Corollary 4.2.11 extend to the relative situation: 

Theorem 5.1.2. Assume that a scheme X is provided with a relatively affine action 
of a diagonalizable group G. Then, 

(i) The morphism X ^ Y = X jj G is submersive and Y is the universal cate¬ 
gorical quotient of the action. 

(ii) For each y gY, the fiber Xy contains a single orbit O which is closed in Xy, 
and this orbit belongs to the closure of any other orbit contained in Xy. 

In the sequel, we will only consider relatively affine actions. 

Remark 5.1.3. The notion of a relatively affine action is not as meaningful for 
non-reductive groups because it does depend on Z. For instance, in the situation 
of Example 4.2.12 we can take Z to be either Spec(fc) or P^. For both choices, the 
relative quotient coincides with Z. 

5.1.4. Strongly equivariant open subschemes. Assume that X is provided with a 
relatively affine action of G = T>l. An open subscheme U ^ X is called strongly 
equivariant if it is the preimage of an open subscheme V ^ Y jj G. Note that 
V = U H G. We used a covering of X by strongly equivariant schemes to prove 
Theorem 5.1.2. In general, one can use strongly equivariant open subschemes to 
work locally on X jj G without describing the quotients explicitly. 
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Lemma 5.1.5. Assume that a diagonalizable group G = Dl acts on a scheme X 
and Xi form a covering of X by open equivariant subschemes. If the action on each 
Xi is relatively affine and each intersection X^j is strongly equivariant in both Xi 
and Xj, then the action on X is relatively affine and each Xi is strongly equivariant 
in X. 

Proof. By definition, the schemes Yi = Xi ff G glue along their open subschemes 
Yij = Xij // G to form a scheme Y . Hence the quotient morphisms Xi —>■ Yi glue to 
an affine quotient morphism X ^ Y. Jit 

Example 5.1.6. It X = Spec(H), where A is L-graded, and f € A is a. homo¬ 
geneous element then U = Spec(H^) is equivariant but usually not strongly equi¬ 
variant. However, it is strongly equivariant if / is of degree zero. In particular, an 
important particular case of Lemma 5.1.5 is when Xi are affine and each Xij is a 
localization of both Xi and Xj at elements of degree zero. 

5.1.7. Geometric quotients. If the action of G on X is relatively affine and each 
fiber of the quotient morphism p: X X jj G consists of a single orbit then we say 
that the quotient is geometric and use the notation X/G instead of X // G. This 
matches the terminology, but not the notation, of GIT, see [MFK94, Definition 
0 . 6 ]. 

5.1.8. Special orbits. If an orbit of a G-action on X is closed in the fiber ot X ^ 
X 11 G then we say that the orbit is special. Obviously, such an orbit is a scheme. 

5.1.9. Local actions. We say that a relatively affine action of G on a scheme X is 
local if X is quasi-compact and contains a single closed orbit. 

Lemma 5.1.10. Assume we have a relatively affine action of G = Dl on a scheme 
X. Then the following conditions are equivalent: 

(i) The action is local. 

(ii) X is affine, say X = Spec(H), and the L-graded ring A is L-local. 

(Hi) The quotient Y = X jj G is local. 

Proof. A scheme is local if and only if it is quasi-compact and contains a single 
closed point. Therefore (i) and (iii) are equivalent. Equivalence of (ii) and (iii) was 
proved in Lemma 4.4.5. ^ 

5.1.11. Localization along a special orbit. Assume that O is a special orbit of a 
relatively affine action on X, and y is its image in Y . Consider the localization 
Yy = Spec(Gv_y) and set Xq = X Xy Yy. We call Xq the equivariant localization 
of X along O. Note that Xq U G = Yy hy the universality of the quotient, in 
particular, G acts locally on Xq- 

Remark 5.1.12. (i) Set-theoretically, Xq consists of all orbits whose closure con¬ 
tains O. So, even if O = {x} is a closed point, it typically happens that Xq is larger 
than the localization of X at x. Equivariant localization of a scheme X = Spec(A) 
corresponds to homogeneous localization of A in the sense of Example 4.4.6. 

(ii) Even if O is only locally closed in the fiber ot X ^ X // G, one can define an 
equivariant localization Xq ^ X whose only closed orbit is O. We will not use this 
construction. If O is not special then the localization morphism Xq ^ A is not 
inert (see §5.5 below), and the morphism Xq jj G ^Y can be bad (e.g. non-flat). 
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5.1.13. The schemes of fixed points. If X is acted on by G then the scheme of 
fixed points of X is the maximal closed subscheme X'^ oi X such that X'^ is 
equivariant and the action of G on it is trivial. In other words, it is the maximal 
closed subscheme over which the inclusion Ix ^ G x X becomes an isomorphism. 
For diagonalizable groups, existence and functoriality of fixed points schemes is 
guaranteed by [SGA70b, V111.6.5(a)], where one sets Y = G, Z = XxX and Z' C Z 
the diagonal, li X = Spec(A) is affine then, as we noted in §4.1.2, X'^ = Spec(AG). 

5.1.14. Inertia stratification. If G is diagonalizable and G' C G is a subgroup then 

X{G') := X°' \ Ug'og'A'^" 

is the maximal G-equivariant subscheme Y with constant inertia equal to G' (i.e. 
such that ly = G' xY). The family of subschemes {A(G')}g'cg provides a G- 
equivariant stratification of X that we call the inertia stratification. Set-theoretically, 
this is the stratification of X by the stabilizers of points. 

5.1.15. Regularity. The fixed points functor preserves regularity, see [Fog73, Corol¬ 
lary of Theorem 5.4]. We provide a simple proof in our situation. 

Proposition 5.1.16. Assume that a diagonalizable group G acts on a regular 
scheme X. Then the scheme of fixed points X^ is regular. In particular, the 
strata of the inertia stratification of X are regular. 

Proof. The claim is local at a point x € X'^ ^ X . Since x is G-invariant, we can 
replace X with the equivariant localization along x. Then X is the spectrum of a 
strictly L-local ring, and it remains to use Lemma 4.5.4. Jit 

5.1.17. The case ofGm- We discuss a construction which is specific to G = = 

Dz and will be used in [AT15a]; we indicate the general case in Remark 5.1.19 below. 
Assume that X is provided with a relatively affine action of G. Following [WloOO] 
we define X+ (resp. A_) to be the open subscheme obtained by removing all orbits 
that have a limit at -foo (resp. —oo). The construction of X± is local on X/jG and 
if the latter is affine, say X = Spec A and X jj G = Spec Aq, then A+ = X xV (A_) 
with A_ = ©n<oA„. Similarly, A_ = A \ V{A+) for Ay = ©ri>oA„. 

Lemma 5.1.18. Assume that G = Gm acts in a relatively affine manner on a 
scheme X. Then, 

(i) G acts in a relatively affine manner on Xy and A_. 

(a) If X = Spec(A) is affine then the schemes Xf = Spec(A[/“^]) with homo¬ 
geneous f G A_ (resp. the schemes Xf with f homogeneous in Ay) form an open 
strongly equivariant covering of Xy (resp. X-). 

Proof. If / S A- then V{A-) C V{f) and hence Xf is an equivariant open sub¬ 
scheme of Xy. By definition Xy = U/gA„.m<oA/. By Lemma 5.1.5 it suffices to 
check that Xfg is strongly equivariant in for / G A„ and g G A^ with m,n < 0. 
It remains to notice that Xfg can be described as the localization of Aj obtained 
by inverting the degree-zero element f~^g"^ G A[f~^], see Remark 5.1.6. ^ 

Remark 5.1.19 (see [Tha96]). For arbitrary G = and affine A = Spec A one 
defines A //m G = ProjA[z]‘^ with G acting on z via — m G L. Then there is a 
locally hnite decomposition S = ]J <7° of the monoid S C L of characters figuring 
in A into relative interiors of poyhedral cones, and A Hm G = A jj cr° G is constant 
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on such interiors of cones. The replacement of X± is the semistable locus 

of X with respect to the linearization provided by the character m. 

5.2. Basic properties of the quotient functor. In this section, we study the 
quotient map X ^ X jj G and properties of schemes and morphisms preserved by 
the quotient functor. The most subtle result is that the quotient map is finite when 
X is noetherian. 

5.2.1. Quotients of schemes. 

Theorem 5.2.2. Assume that a diagonalizable group G = acts trivially on a 
scheme S and an S-scheme X is provided with a relatively affine action of G, then: 

(i) Assume that X satisfies one of the following properties: (a) reduced, (h) inte¬ 
gral, (c) normal with finitely many connected components, (d) locally of finite type 
over S, (e) of finite type over S, (f) quasi-compact over S, (g) locally noetherian, 
(h) noetherian. Then X jj G satisfies the same property. 

(ii) If X is locally noetherian then the quotient morphism X ^ X jj G is of finite 
type. 

Proof. Note that X ^ S factors through Y = X jj G because the latter is the 
categorical quotient by Theorem 5.1.2. Claim (f) is obvious since X —>■ T is onto. 
Furthermore, a morphism is of finite type if and only if it is quasi-compact and 
locally of finite type, hence (e) follows from (d) and (f). It remains to prove all 
assertions except (e) and (f). As shown in [1MFK94, Section 2 of Chapter 0], claims 
(a), (b) and (c) hold for any categorical quotient, hence they are implied by The¬ 
orem 5.1.2(i). Note that the assertion of (d) is local on S hence we can assume 
that S is affine. Furthermore, all assertions of the theorem we are dealing with 
are local on Y , so we can assume that Y is affine. In this case, (d) was proven in 
Lemma 4.2.4, and (g), (h) and (ii) were proven in Proposition 4.3.1. ^ 

5.2.3. Quotients of morphisms. We start with the following corollary of the above 
theorem. 

Corollary 5.2.4. Assume that locally noetherian schemes X and X' are provided 
with relatively affine actions of a diagonalizable group G, and f: X' X is a G- 
equivariant morphism. If f is of finite type then the quotient morphism f jj G is of 
finite type. 

Proof. The morphism X ^ X // G is of finite type by Theorem 5.2.2(ii). Hence 
the composition X' ^ X // G is oi finite type, and then X' jj G ^ X jj G is also of 
finite type by Theorem 5.2.2(i)(d). ^ 

Proposition 5.2.5. Let G be a diagonalizable group and f : X' X a G-equivariant 
morphism such that the actions on X and X' are relatively affine. Then, 

(i) If f satisfies one of the following properties: (a) affine, (b) integral, (c) a 
closed embedding, then f jj G satisfies the same property. 

(ii) If X is locally noetherian and f is finite then f If G is finite. 

Proof. The claim is local on T = X ff G, hence we can assume that X = Spec (A) 
and Y = Spec(Ao) are affine. Since / is affine in each case, X' = Spec(A') is affine, 
and so Y' = Spec(AQ) is affine. This proves (a). If A — A' is onto then Aq — Ag 
is onto and we obtain (c). 
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llA^ A' is integral then any x & A' satisfies an integral equation x^+J27=o 
with coefficients in A. If x G Aq then replacing each ai with its component of degree 
zero we obtain an integral equation for x with coefficients in Aq. Thus, A'^ is integral 
over ^0 and we obtain (b). Finally, (ii) follows from (b) and Corollary 5.2.4. ^ 

5.2.6. Some bad examples. Basic properties of G-morphisms, including, smooth¬ 
ness and separatedness, are not preserved by the quotient functor. Here are some 
classical bad examples. 

Example 5.2.7. (i) Let k he a field with char k ^2 and let X = Spec(fc[x, ?/]) be 
an affine plane with ^2 acting by changing the sign of x and y. Then Y = X // fj ,2 is 
the quotient singularity Y = Spec(A:[x^, xy, y^]) and the quotient morphism X ^ Y 
is not even flat. On the other hand, set X' = X x y ,2 with fj ,2 acting diagonally. 
The projection X' ^ X is a split etale covering which is not inert above the origin 
O € X because O is fixed by ^2 and the action of ^2 on X' is free. Moreover, 
Y' = X' H y .2 ^ X, so the quotient map f // fi 2 is the projection X ^Y. Although 
/ is split etale, its quotient is not even flat. 

(i) ’ Similarly, it is easy to construct a Gm-action on AT = such that the 
quotient Y = X jj Gm is not smooth (e.g., ii X = Spec(A) for A = k[x,y,z] with 
x,y G Ai and z G A_ 2 , then Y = Spec{k[x‘^z,xyz,y^z]) is an orbifold). Then 
automatically the morphism AT —>■ E is not flat, and setting X' = X x Gm we 
obtain another bad example, where X' —>■ AT is smooth but the morphism between 
X' H Gm = X and X jj Gm is not flat. 

(ii) Let k he a field and G = Gm = Dz- Consider the Z-graded /c-algebra 
A = k[x,y,z\ with x G Ai and y,z € A_i, and set X = Spec(A) = A|. Then 
Y = X If G equals to Spec(A:[x 2 ;, xy]) = A| and the orbits over the origin are: 
the origin, the punctured (x)-axis, all punctured lines through the origin in the 
(yz)-plane. Consider the equivariant subspace X' = Spec(fc[x, y, z^^]). The open 
embedding X' ^ X preserves stabilizers but takes some closed orbits to non- 
closed orbits. For example, the punctured (z)-axis is closed in AT'. The quotient 
Y' = X' /I G = Spec(A:[xz, |]) is not flat over Y. In fact, it is an affine chart of the 
blowing up of Y at the origin, and the quotient map AT' —>■ Y' separates all orbits 
of X sitting over the origin of Y and contained in X'. 

(ii)’ Analogous examples related to cobordisms will play a crucial role in the 
proof of the factorization theorem: {Ba)+ ^ Ba is an open embedding preserving 
the stabilizers (see [ATI5a, §3.4]), but {Ba)+ jj G ^ Ba jj G is usually a non-trivial 
modification. 

(hi) Let G = Gm act on T = Spec(fc[x,y]) as x 1 —>■ tx and y 1 —?► t“^y, and let 
X' be obtained from T by removing the origin. Then X' // G is an affine line with 
doubled origin. In particular, the morphism f : X' ^ Spec(A:) is separated but its 
quotient is not. 

5.3. Strongly equivariant morphisms. The situation improves drastically if one 
considers quotients of a more restrictive class of strongly equivariant morphisms. 

5.3.1. The definition. We say that a G-morphism /: X' —> Ai is strongly equivariant 
if the actions are relatively affine and / is the base change of its quotient f jj G^ 
i.e. the morphism f: X' ^ X Xy Y' is an isomorphism, where Y = X jj G and 
Y' = X' jj G. Furthermore, we say that / is strongly equivariant over a point 
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y' G y' if (/) is an isomorphism over y' in the sense that 

(j)yi : X' 'Ky' Spec(Ov'^y') —> X xy Spec(Oy'^y') 

is an isomorphism. Note that / is strongly equivariant if and only if it is strongly 
equivariant over all points of Y' , and if Y' is quasi-compact then it suffices to 
consider only closed points. 

Lemma 5.3.2. Let G = he a diagonalizable group. 

(i) The composition of strongly G-eguivariant morphisms is strongly G-eguivariant. 
(a) If Y X is a strongly G-equivariant morphism and g: Z ^ Y is a G- 

equivariant morphism such that the composition is strongly G-equivariant, then g 
is strongly G-equivariant. 

(Hi) If Y X is strongly G-equivariant and Z ^ X is G-equivariant then the 
base change Y y.x Z ^ Z is strongly G-equivariant. 

(iv) If f ■ Y ^ X is strongly equivariant then the diagonal A/: Y ^Y Xx Y is 
strongly equivariant and Af // G is the diagonal of f fj G. 

Proof. The proof of (i), (ii) and (iv) is a simple diagram chase of the relevant 
cartesian squares, so we omit it. Let us prove (iii). The claim is local on X j/G, Y jjG 
and Z jjG hence we can assume that X = Spec(A), Y = Spec(i3) and Z = Spec(yl') 
for L-graded rings A, B, A'. We are given that B = A Bq and we should prove 
that B' = A' (g)^ B satisfies B' = A' ®A’a ^o- Clearly, B' = A' (g^o Bq and so 
B'n = ®Ao Bq for any n S L. Therefore, B'^ = A'^ 0^^ ®Ao Bq = 0^/ B(, 

as required. X 

5.3.3. Strongly satisfied properties. Let P be a property of morphisms preserved by 
base changes. As in Section 4.6, we say that an equivariant morphism /: X' -A X 
strongly satisfies P if it is strongly equivariant and the quotient f ff G satisfies P. 
In particular, / itself satisfies P. 

Remark 5.3.4. (i) In the case of strongly etale morphisms we recover the def¬ 
inition from [MFK94, Appendix I.D]. Such morphisms played important role in 
[AKMW02], and we will use strongly regular morphisms in [AT15a] for analogous 
purposes. 

(ii) Let U be an open subscheme of X. The morphism U ^ A is a strongly 
open immersion if and only if [/ is a strongly equivariant open subscheme. 

(iii) For various properties P it is true that a morphism strongly satisfies P if 
and only if it satisfies P and is strongly equivariant. In fact, one should only check 
that if / satisfies P and is strongly equivariant then f ff G satisfies P. However, 
such descent results may be difficult to prove because the morphisms X ^ X ff G 
are not always flat; in particular, flat descent is unapplicable. For the strong etale 
property such descent claim is a part of Luna’s fundamental lemma. 

5.3.5. Some descent results. Here is a (rather incomplete) list of properties for 
which the descent is easy. 

Proposition 5.3.6. Let G be a diagonalizable group and f : X' -A X a G-equivariant 
morphism of schemes with relatively affine G-actions. Then, 

(i) Let P be any of the following properties: (a) has finite fibers, (b) a monomor¬ 
phism, (c) separated, (d) universally closed. Then f strongly satisfies P if and only 
if it satisfies P and is strongly equivariant. 
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(Hi) Assume that X is locally noetherian and let P be one of the following prop¬ 
erties: (e) quasi-finite, (f) proper. Then f strongly satisfies P if and only if it 
satisfies P and is strongly equivariant. 

Proof. In all claims we assume that / is strongly equivariant and satisfies P and 
we should prove that g = f (j G satisfies P. The assertion of (a) follows from the 
surjectivity oi X —> X ff G. Note that a morphism is a monomorphism if and only if 
its diagonal is an isomorphism. Hence (b) follows from Lemma 5.3.2(iv). Similarly, 
(c) follows from Lemma 5.3.2(iv) and Proposition 5.2.5(i)(c). 

(d) First, assume only that / is closed. Then for any closed set T <Z X' jj G 
the preimage of g(T) in X is closed. Since the quotient morphism X ^ X jj G 
is submersive, gifT) is closed. Thus g is closed. The assertion of (ii) follows from 
this and the fact that the base change of / by a strongly equivariant morphism is 
strongly equivariant by Lemma 5.3.2(iii). 

Finally, (e) follows from (a) and Corollary 5.2.4, and (f) follows from (d) and 
Corollary 5.2.4. ^ 

5.3.7. The case ofGm- Assume that X and Y are provided with a relatively affine 
action of G = We refer to Section 5.1.17 for the definitions of X± and Y±. 

Lemma 5.3.8. Keeping the above notation, if f: X ^ Y is strongly equivariant 
then X± = Y± Xy X. 

Proof. The claim is local onY//G and X // G, so we can assume that Y = Spec B, 
Y )) G = SpecHo, X = Spec A and X jj G = SpecAp. By strong equivariance, 
A = B^BqAq. Hence A„ = ®Ba Ao for any n and we obtain equalities of ideals 
B-A = A_ and H+A = A_|_. Jft 

Remark 5.3.9. For a general G = D^, we similarly have that 

= (T“(m)) Xr a:. 

5.4. Ftee actions. In §4.4 we studied the quotients when the stabilizers are max¬ 
imal. This section is devoted to the other extreme case when the stabilizers are 
trivial. We will show in Corollary 5.4.5 that any quotient of a relatively affine action 
of G = Dl can be described in terms of these two cases. 

5.4.1. Definitions. We say that an action of G on X is regular or split free if there is 
an equivariant isomorphism X ^ GxY , where Y = X jj G. If such an isomorphism 
only exists locally on Y for a topology r (e.g. flat, etale, or Zariski) then we say 
that the action is r-split free. Finally, if there is a r-open morphism g\Y'^Y 
and an equivariant isomorphism X XyY' ^ G xY' then for any point y £ g(Y') 
we say that the action is r-split free over y. 

Remark 5.4.2. Recall that an action of G on X is semi-regular or free if the 
morphism GxX—>^XxXisa closed embedding, and this condition is equivalent 
to the condition that '0:GxX—>'XxvXisan isomorphism; in other words, X 
is a pseudo G-torsor over Y, see [Sta, tag/0498]. This pseudo-torsor is a r-torsor 
of G if and only if the action is r-split free. In fact, any semi-regular action has 
free orbits hence it follows from Lemma 5.4.4 below that it is flat-split free over the 
quotient Y . In particular, we will not distinguish free and flat-split free actions. 
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5.4.3. A criterion for splitting. Flat-split freeness of an action can be tested very 
easily: the stabilizers of the fibers should be trivial. 

Lemma 5.4.4. Given a relatively affine action of a diagonalizable group G = 
on a scheme X, let f: X ^ Y = X jj G he the quotient morphism and y G Y a 
point. Then the following conditions are equivalent: 

(i) the action is flat-split free overy, 

(ii) the scheme-theoretic fiber Xy = y xy X coincides with a single free orbit 
O = Spec(fc[L]), 

(Hi) the set-theoretic fiber f~^{y) is a single free orbit, 

(iv) all points of the fiber f~^{y) have trivial stabilizer. 

Moreover, if the degree of the torsion of L is invertible on Y (respectively, L is 
torsion free) then one may replace the flat topology in (i) with the etale (respectively, 
Zariski) topology. 

Proof. The implications (i) (ii) (iii) (iv) are obvious. In the opposite 
direction, if (iv) holds then all orbits in f~^{y) are free and closed, hence the fiber 
is a single orbit by Theorem 5.1.2(ii), and we obtain (iii). 

If (iii) holds then Xy = Spec (A) such that Aq = k and k[L] is the reduction of 
A. This implies that each An contains a unit, and hence is an invertible fc-module. 
Therefore, the reduction A ^ k[L] is an isomorphism, and we obtain (ii). 

Finally, assume that Xy = Spec(/c[L]). Let L = be a decomposition of 

L into cyclic groups, and choose a generator of L^. Shrinking Y around y we 
can assume that X = Spec(^), Y = Spec(^o)i and each G k[L] lifts to a unit 
Ui G Ami with respect to the homomorphism A k[L]. For each of a finite 
order di we have that u'^' = ai G Aq. Obviously, X is a principal G-torsor over 

Y which is trivialized by adjoining the roots to Aq. The latter defines a flat 
covering of Y, which is etale (respectively, an isomorphism) if di are invertible on 

Y (respectively, L is torsion free). ^ 

The following corollary shows that locally one can construct quotients in two 
steps: first by dividing by the stabilizer and then by dividing by a locally free 
action. 

Corollary 5.4.5. Assume that a scheme X is provided with a relatively affine 
action of a diagonalizable group G = Dl, y is a point of Y = X jj G, G' is the 
stabilizer of the closed orbit of the fiber Xy, Z = X f G', and G" = GjG'. Then 
Z // G" = Y and the G"-action on Z is flat-split free over y. Moreover, if the 
torsion of L is invertible on Y (resp. L is torsion free) then the action is etale-split 
(resp. Zariski-split) free over y. 

Proof. By universality, quotients are compatible with taking fibers. So, in view 
of Lemma 5.4.4 it suffices to show that Xy / G' is a single free G"-orbit. Note 
that Xy = Spec(A), where {A,m) is an L-local ring with Aq = k. Let 
L —L' —> 0 be the exact sequence corresponding to 1 —>■ G' —>• G —>■ G" —>■ 1. 
Since A/m = k[L"], each An with n G L” contains a unit and we obtain that 
A^' = (BneL"k = k[L"]. Thus, Xy // G' = Spec(/c[L"]), and we are done. X 


LUNA’S FUNDAMENTAL LEMMA FOR DIAGONALIZABLE GROUPS 


33 


5.4.6. Descent of regularity. We show below that dividing by a free action is a nice 
functor that preserves various properties of equivariant morphisms. In fact, the 
following lemma reduces this to the usual flat descent. 

Lemma 5.4.7. Assume that a diagonalizable group G acts on a scheme X and the 
action is flat-split free over a point y £ Y = X ff G. Then the quotient morphism 
f: X ^ Y is flat along the fiber f~^{y). In particular, if X is regular at a point 
X € f~^{y) then Y is regular at y. 

Proof. By definition, there exists a flat morphism Y' — >■ Y, whose image contains y, 
and an isomorphism X XyY' ^ G xY' . Then the flat base change X XyY' ^ Y' 
of / is flat, and hence / is flat over y. If X is regular at a point x then Y is regular 
at y by [Sta, tag/OODF]. X 

Corollary 5.4.8. Assume that schemes X and X' are provided with relatively 
affine actions of a diagonalizable group G = D^, and f : X' X is a G-equivariant 
morphism with quotient g = f fj G: Y' ^ Y. Suppose y' GY' is a point such that 
the actions on X' and X are flat-split free overy' and gfy'), respectively. Then f is 
strongly equivariant over y'. In particular, if f is regular or lei at a point x' € X^, 
then g is regular or lei at y', respectively. 

Proof. The statement is local at y' and y. So, we can assume that Y and Y' are 
local, and the claim reduces to showing that <j): X' ^ X XyY' \s sm isomorphism. 
By flat descent, this can be checked flat-locally on Y , so by Lemma 5.4.7 we can 
assume that X ^ GxY. By the same lemma, there exists a flat covering Y" —>■ Y' 
such that X' Xy/Y" ^ Gx Y" . The base change of (j) with respect to the morphism 
Y" Y' is the isomorphism X' Xy, Y" ^ G x Y" ^ X Xy Y" . Thus, cf is an 
isomorphism by flat descent. 

Suppose / is regular. To check that g •. Y' ^ Y \s regular or lei it suffices to 
check that its pullback by a flat surjective morphism is regular or lei, respectively; 
but X —>■ y is flat and surjective by Lemma 5.4.7, and we have shown that the 
pullback is / : X' —>■ X. X 

5.5. Inert morphisms. The main disadvantage in the definition of strong equiv- 
ariance (Section 5.3.1) is that it involves the quotient morphism. It is desirable to 
have an explicit criterion of strong equivariance in terms of the morphism itself. 
This leads to the notion of inert morphisms. 

5.5.1. Inertia preserving morphisms. Recall that a G-equivariant morphism /: X'—>■ 
X is called fixed point reflecting if for any x' G X' and x = f{x') the inclusion of 
the stabilizers Gx' ^ Gx is an equality (e.g. [Knu71, IV. 1.8]). We propose the 
following scheme-theoretic strengthening of this notion; a G-equivariant morphism 
/: X' —> X is inertia preserving if the closed immersion Ix' ^ Ix x X' \s an 
equality. 

Lemma 5.5.2. Assume that locally noetherian schemes X and X' are provided 
with relatively affine actions of a diagonalizable group G = T>l, o,nd f: X' X is 
a G-equivariant morphism. Consider the following conditions: 

(i) f is inertia preserving. 

(ii) For each subgroup H f- G the closed immersion X'^ ^ X^ Xx X' is an 
equality. 
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(Hi) For each point x € X the stabilizer Gx acts trivially on the fiber X' Xx x. 

(iv) f is fixed point reflecting and for any point x' G X' with x = f{x') the action 
of Gx on ^x'/x ® k(x') is trivial. 

(v) f is fixed point reflecting. 

Then Conditions (ii), (Hi), (iv) are equivalent, each condition is implied by (i), 
and all conditions imply (v). In addition, if f has reduced fibers then (v) implies 
the conditions (ii)-(iv). 

Proof. The implications (i) (ii) ==^ (iii) and (iv) => (v) are obvious, and the 
equivalence (iii)<;=>(iv) follows from Lemma 4.6.4 since Tlx'/x ® k{x') = Ctz^jx ® 
k{x') for the hber Zx = X' Xx x. 

We show (iii)=4>(ii): Assume that (ii) fails, i.e. there exists iL = C G which 
acts non-trivially on X^ Xx X' . It suffices to prove that in this case H acts non- 
trivially already on the fiber Zx over a point x G X^ . Choose an open affine sub¬ 
scheme Spec(A) ^ X^ such that the action of H on Spec(i?) = Spec(A) Xx X' is 
non-trivial. The morphism Spec(i?) —?► Spec(A) corresponds to an L'-homogeneous 
homomorphism A ^ B such that A = Aq and Bi ^ 0 for some I 0. Note that 
Bi is finitely generated over Bq since B is noetherian, hence there exists a point 
X G Spec(A) such that Bi (8)^ k{x) 0. Then the action on the fiber over x is 
non-trivial. 

Finally, assume that the fibers of / are reduced, and let us show that in this 
case (v) implies (iii). Both conditions are hberwise, so replacing / and G with the 
hber over a point x and the stabilizer Gs, we can assume that X = Spec(A:) is G- 
invariant and for any point y €Y = Spec(A) one has that Gy = G. Fix 0 n G L, 
then the latter condition implies that A„ is contained in all L-prime ideals of A. 

By Lemma 4.4.8 An lies in the nilpotent radical, and since A is reduced by the 
assumption, A = Aq, as claimed. ^ 

5.5.3. Inert morphisms. Consider G-equivariant morphism f : X' ^ X and assume 
that it takes special orbits (5.1.8) to special orbits. We say that 

(1) the morphism / is pointwise inert if condition (v) of Lemma 5.5.2 holds, 
namely it is hxed-point rehecting; 

(2) the morphism is/ifeermse inert if either condition (ii), (iii) or (iv) of Lemma 5.5.2 
holds, namely, for each point x G X the stabilizer Gx acts trivially on the 
hber X' Xx x] 

(3) the morphism is inert if condition (i) of Lemma 5.5.2 holds, namely it is 
inertia preserving. 

Remark 5.5.4. (i) One can easily construct a morphism (with non-reduced hbers) 
which is pointwise inert but not hberwise inert. We have not studied the difference 
(if any!) between inert morphisms and morphisms which are hberwise inert. 

(i) It follows directly from the dehnition (5.3.1) that any strongly equivariant 
morphism is inert and, conversely, pointwise inertness will play a role in our criteria 
of strong equivariance. 

(ii) If either of the conditions of inertness is violated then the quotient functor 
might behave rather badly. For example, the morphism is not inertia preserving 
in Example 5.2.7(i) and (i)’, and it takes special orbits to non-special orbits in 
Example 5.2.7(ii) and (ii)’. 
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5.5.5. Comparison with the literature. In the case of a reductive group G and a G- 
equivariant etale morphism of varieties, the fixed point reflecting condition was used 
by Luna. Although not formulated separately, it is contained in [Lun73, Lemme 
fondamental]. For finite groups, fixed point reflecting morphisms were called inert 
in [IL012, Section VIII.5.3.6]. In both cases, the condition on special orbits was 
not required since it was automatically satisfied. An analogue of our version of 
inert morphism was called “schematically inert” in [IL012, Remark VIII.5.6.2]. 

An analogue of inertness and pointwise inertness is used by Alper in a much more 
general context of good and adequate moduli spaces, see for example [AlpOS]. It is 
needed to guarantee that the moduli space functor (which generalizes the quotient 
functor) behaves nicely. 

5.6. Main results about the quotient functor. In this section we will prove 
that pointwise inert regular morphisms are strongly regular. In the case of diago- 
nalizable groups, this extends the classical Luna’s fundamental lemma, which deals 
with inert etale morphisms of varieties, to regular morphisms of schemes. Moreover, 
we will obtain general criteria for equivariant morphisms to be strongly equivariant 
and establish descent for syntomic and lei morphisms. 

5.6.1. Local case. We start with the following extension of Theorem 4.8.1 to the 
case of local actions that do not have to be strictly local. 

Lemma 5.6.2. Assume that locally noetherian schemes X and X' are provided 
with relatively affine actions of a diagonalizable group G = D^, and f: X' —^ X 
is a G-equivariant morphism with quotient g = f ff G: Y' ^ Y. Let x' G X' be a 
point with images x = f{x') € X, y' G Y', and y gY . Assume that 

(a) X lies in a special orbit, 

(b) the inclusion of the stabilizers Gx' Q Gx is an equality, 

(c) let Gx = then the Lx-grading on the vector spaces ^x'/x ®k{x') and 

Hii^x'/x k{x')) are trivial. 

Then 

(i) / is strongly equivariant over y' , 

(ii) / is formally smooth at x' if and only if g is formally smooth at y', 

(hi) If f is lei at x' then g is lei at y'. Conversely, if g is lei at y' and the 
homomorphisms Oy.y ^Y',y' cind Oy.y —t Ox,x o,re Tot- independent 
then f is lei at x'. In particular, f is syntomic at x' if and only if g is 
syntomic at y'. 

Proof. The claim is local at y' and y, so we can assume that Y' = SpecOyqy/ and 
Y = SpecGy^y. Then the actions on X' and X are local (5.1.9), and x lies in the 
closed orbit by assumption (a). We need to prove that / is strongly equivariant, 
and if / is formally smooth then g is formally smooth. Let us recall two cases of 
the lemma that were already established earlier. 

Case 1. The lemma holds true when Gx = G. Indeed, in this case the closed 
orbits are x and x' , so X = Spec(A) and X' = Spec(A'), where A and A! are 
strictly L-local rings by assumption (b). So Case 1 is covered by Theorem 4.8.1. 

Case 2. The lemma holds true when Gx = {!}. Indeed, in this case the actions 
are free by Lemma 5.4.4, hence Case 2 is covered by Corollary 5.4.8. 
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Assume now that Gx is arbitrary. Recall that the actions of G' := GjGx on 
Z = X jj Gx and Z' = X' jj Gx are free by Corollary 5.4.5. Consider the G'- 
equivariant morphism h = f // Gx ■ By Case 1 above, / is strongly equivariant over 
z' and if / is formally smooth at x' then h is formally smooth at its image z' ^ Z'. 
By the local freeness of the action, Zy consists of a single orbit, so G', h, and z' 
satisfy all assumptions of the lemma. Therefore, Case 2 applies and we obtain that 
h is strongly equivariant over y' and if / is formally smooth at x' then g = h jj G' 
is formally smooth at y'. The lemma follows. ^ 

5.6.3. Luna’s fundamental lemma. 

Theorem 5.6.4. Let X and X' be locally noetherian schemes provided with rel¬ 
atively affine actions of a diagonalizable group G, and let f: X' ^ X be a G- 
equivariant morphism. Then, 

(i) f is strongly equivariant if and only if f is fiberwise inert and any special 
orbit in X' contains a point x' such that the action of Gx' on HifLx'/x k{x'y) 
is trivial. 

(ii) Let P be one of the following properties: (a) regular, (b) smooth, (c) etale, 
(d) an open embedding. Then the following conditions are equivalent: (1) f is 
pointwise inert and satisfies P, (2) f is inert and satisfies P, (3) f is strongly 
equivariant and satisfies P, (4) f strongly satisfies P. 

(Hi) f is strongly syntomic if and only if it is syntomic and strongly equivariant. 
Moreover, if f is strongly equivariant then the following claims hold: (a) if f is 
lei then f ff G is lei, (b) if f // G is lei and Tor-independent with the morphism 
X ^ X If G then f is lei. 

Part (iii) refers to Avramov’s definition of lei morphisms and the resulting notion 
of syntomic morphisms described in Section 4.7.9. 

Proof, (i) The direct implication is clear, so let us prove the inverse implication. 
Let y' € X' ff G he a point and choose a point x' in the special orbit over y' such 
that the action of Gx' on Hi{]Lx'/x ^(^0) is trivial. We assume / is inert, so 
(a) X = f{x') lies in a special orbit, (b) Gx' = Gx and (c) by Lemma 5.5.2 the 
action of Gx' on HofLx'/x <8^ k{x')) = Tlx'/x ® k{x') is trivial as well. Thus we 
may apply Lemma 5.6.2 at x', hence / is strongly equivariant over y', thus proving 
(i). Moreover, this argument shows that if / is regular then g = f ff G is formally 
smooth at all point oi X ff G and hence is itself a regular morphism. 

Part (iii) follows similarly from Lemma 5.6.2. 

(ii) The implications (4) => (3) => (2) (1) are obvious, so let us prove that 

(1) (4). Regardless to the choice of P, the morphism / is regular. Since / has 

reduced fibers, it is fiberwise inert by Lemma 5.5.2, and as we have proved above 
it is then strongly regular. This covers (a). A morphism is smooth if and only if 
it is regular and of finite type. Hence (b) follows from (a) and Corollary 5.2.4. A 
smooth morphism is etale or an open embedding if and only if it has finite fibers or 
is a monomorphism, respectively. Hence (c) and (d) follow from (a) and assertions 
(a) and (b) of Proposition 5.3.6. ^ 

5.7. Groups of multiplicative type. Assume that S' is a scheme and Gs is 
an S-group. We say that Gs is of multiplicative type if it is of finite type and 
Gs' = Gs xg S' is isomorphic to a diagonalizable S'-group Dg x S' for a surjective 
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flat finitely presented morphism h: S' ^ S. For example, this includes the case 
when S = Spec(Z[-^]) and Gs = Z/iVZ. Our definition is more restrictive than 
in [SGA70b, IX. 1.1] because we use the fppf topology instead of the fpqc topology 
and consider only groups of finite type. Recall that by [SGA70b, X.4.5] any such 
group Gs is quasi-isotrivial, i.e. it can be split by an etale surjective morphism 
h: S' S. 

We claim that all results of Section 5 extend to the case when an S'-scheme 
X is provided with a relatively affine action of an S'-group Gs of multiplicative 
type. The only exception is part (ii) of Lemma 5.1.10, which makes no sense for 
non-diagonalizable group. The proofs we provided of equivalence of (i) and (iii) 
in Lemma 5.1.10 and parts (a), (b) and (c) of Theorem 5.2.2(i) apply to groups 
of multiplicative type without change. All remaining results, including Luna’s 
fundamental lemma, can be extended to Gs of multiplicative type with L denoting 
the abelian group Gartier dual to Gs' by use of etale descent with respect to h. 
Namely, Xs' jj Gs' = (X jj Gs) Xs S' so the result for Xs' jj Gs' extends to X jj G 
by descent. In fact, already flat descent suffices in almost all cases, with the main 
exception being Proposition 5.1.16. 
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